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ABSTRACT

We present an IMplicit Pressure Explicit Saturation (IMPES) solver and a

novel timestep criterion for the simulation of immiscible two-phase flow

involving compressible fluid phases. The novel timestep criterion uses

the Courant-Friedrichs-Lewy (CFL) condition and employs numerically com-

puted velocity derivatives to adapt the timestep size, regardless of the

dominant flow characteristics.

The solver combined with this timestep criterion demonstrates both effi-

ciency and robustness across a range of flow scenarios, including pressure

drop dominated and capillary dominated flows with compressible and

incompressible fluid phases, without the need to adjust any numerical

parameters. Furthermore, it successfully reaches the expected stationary

states in a case involving discontinuous porous media parameters such as

porosity, permeabilities, and capillary pressure function.

Comparison with the established Coats timestep criterion reveals that our

approach requires fewer time iterations while maintaining comparable

accuracy on the Buckley-Leverett problem and a gravity-capillary equaliza-

tion example with a known stationary state. Additionally, in an example

with air compression, the new timestep criterion leads to a significantly

improved non-wetting phase mass conservation compared to the Coats

criterion.
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WHY THIS PAPER MATTERS

Accurately simulating how fluids move through complex materials like soil,

rock, or battery parts is a major challenge for engineers, as computer mod-

els can often become slow or unstable when conditions change. Our work
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introduces a smartmethod that automatically adjusts the simulation’s pace,

ensuring it remains fast and reliable even when dealing with difficult sce-

narios like highly compressible fluid phases or drastically changing porous

materials. These findings help experts in fields like carbon storage, ground-

water protection, and green energy manufacturing achieve more precise

predictions with less computing power, accelerating the development of

critical new technologies.

© 2026 The Authors

This is an open access article published by InterPore under the terms of the Creative

Commons Attribution-NonCommercial-NoDerivatives 4.0 International License

(CC BY-NC-ND 4.0) (https://creativecommons.org/licenses/by-nc-nd/4.0/).

1. INTRODUCTION

Simulating two-phase flow in porousmedia plays a crucial role across a variety of fields. In geologi-

cal engineering, simulating two-phase flow supports applications such as the extraction of gas and

oil (22, 32), investigations of groundwater contamination (1, 34), geological CO2 storage (30, 38),

and the analysis of salt precipitation (40). Outside of geology, two-phase flow simulations are also

used in manufacturing processes, including electrolyte injection in lithium-ion batteries (16, 17)

and the fabrication of composite materials through techniques such as liquid composite molding

(31, 43). Additionally, two-phase flow models have been used to study transport phenomena in

fuel cells by Sun et al. (41) and Djilali and Sui (14).

We describe immiscible two-phase flow using the two-phase Darcy equations for Newtonian com-

pressible fluids. This is a non-linear partial differential equation (PDE) system, which is introduced

in Section 2.1. Two primary approaches exist for simulating this equation system. The first is the

fully implicit method, which solves the entire coupled PDE system implicitly (8, 23) and is uncon-

ditionally stable. The second is the sequential approach, encompassing IMplicit Pressure Explicit

Saturation (IMPES) methods (9, 20, 37) and iterative schemes (15, 21, 35). In this approach, the PDE

system is decoupled and solved sequentially, which reduces the size of the linear system solved at

each timestep, thereby loweringmemory usage and runtime per time iteration. In IMPESmethods,

the saturation equation is solved explicitly. Consequently, a linear system of equations only needs

to be solved for the pressure equation. However, sequential methods are only conditionally stable,

meaning the timestep size must be restricted to maintain the stability of the numerical solver. As a

result, the computational savings gained per time iteration may be offset by the need for smaller

timestep sizes.

While fully implicit methods generally handle compressible fluid phases without difficulty, sequen-

tial methods face greater challenges because fluid phase masses depend explicitly on phase

pressure and saturation. Since the pressure and saturation equations are solved sequentially,

errors from this decoupling can lead to violations of the mass conservation of the fluid phases. Chi

et al. (10) developed an IMPESmethod for two-phase flowwith a compressible non-wetting phase,

excluding capillary forces. Sequential methods that discretize the saturation equation implicitly or

semi-implicitly for compressible two-phase flow are for instance presented by Pau et al. (36), Lu

and Wheeler (28), and Lee, Wolfsteiner,and Tchelepi (27).

Because sequential methods are only conditionally stable, selecting appropriate timestep sizes is

critical. Several timestep criteria specifically for sequential immiscible two-phase flow simulations

exist. In Section 2.3.5, we mention two such criteria from the literature. The first, known as the

Coats criterion, is derived via Neumann stability analysis (11). The second, referred to by us as

the characteristic wave velocity criterion, is used by Lamine and Edwards (25) and is based on the

Courant-Friedrichs-Lewy (CFL) condition (33).
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Section 2.3 presents an IMPES solverwith a finite volumediscretization, alongwith a novel timestep

criterion. This novel timestep criterion generalizes the characteristic wave velocity criterion, which,

to the knowledge of the authors, is new to the literature. The timestep criterion uses numeri-

cal approximations of the derivative of the wetting phase velocity to limit the timestep based on

the CFL condition. A detailed description is provided in Section 2.3.5. By incorporating capillary

forces and numerical approximations of saturation derivatives of velocities, this generalized crite-

rion effectively restricts the timestep regardless of the dominant flow dynamics. Throughout this

work, it is referred to as the generalized characteristic wave velocity criterion.

The solver combined with the timestep criterion is evaluated and validated through several exam-

ples in Section 3, including capillary dominated and pressure drop dominated flows. Additionally,

the capability of the solver to accurately simulate compressible fluid phases and to handle flows

in geometries with discontinuous material parameters is assessed. Simulations involving discon-

tinuous material parameters are of interest in the literature as there are various applications of

two-phase flowwith discontinuousmaterial parameters (2, 5, 19, 29). In the considered flow exam-

ples, the accuracy and efficiency of the new timestep criterion are compared against the Coats

and the characteristic wave velocity criteria. These comparisons indicate that the new timestep

criterion is better suited to restrict the timestep of capillary dominated flows than the character-

istic wave velocity criterion. Moreover, compared to the Coats criterion, it reduces the number of

time iterations required while maintaining similar accuracy, and in the example from Section 3.4,

it achieves a significantly better mass conservation of the air.

2. MATERIALS AND METHODS

2.1. Two-Phase Darcy Equations
The governing equations for the two-phase Darcy flow of Newtonian fluids are given by

Equations 1–4:

𝜕𝜙𝜌𝑑𝑆𝑑
𝜕𝑡

= −∇ ⋅ (𝜌𝑑𝑢𝑑) for 𝑑 ∈ {𝑤, 𝑛} (1)

𝑢𝑑 =−𝑀𝑑𝐾0 (∇𝑝𝑑 − 𝜌𝑑𝑔) for 𝑑 ∈ {𝑤, 𝑛} (2)

𝑆𝑤 + 𝑆𝑛 = 1 (3)

𝑝𝑛 −𝑝𝑤 =𝑝𝑐(𝑆𝑤) (4)

The subscripts ”w” and ”n” represent the wetting and non-wetting phase, respectively. Both fluid

phases and the solid phase determine whether a fluid acts as the wetting or non-wetting phase.

The unknowns of the PDE systemare usually the phase velocities 𝑢𝑑, the phase pressures 𝑝𝑑 and the

phase saturations 𝑆𝑑. The phase saturations 𝑆𝑑 ∈ [0, 1] indicate how much pore space is occupied

by phase 𝑑.

The phase mobilities𝑀𝑑 are defined as

𝑀𝑑 =
𝑘𝑟𝑑
𝜇𝑑

for 𝑑 ∈ {𝑤, 𝑛} (5)

and the total mobility𝑀 as

𝑀 =𝑀𝑤 +𝑀𝑛 (6)

Moreover, 𝑔 is the gravity constant, 𝜙∈ [0, 1] is the porosity, 𝐾0 is the absolute permeability tensor,

𝜌𝑑 is the density of phase 𝑑 and 𝜇𝑑 is the viscosity of phase 𝑑.

The capillary pressure function 𝑝𝑐 and the relative permeabilities 𝑘𝑟𝑑 are material parameters that

are dependent on the phase saturations 𝑆𝑑. The capillary pressure function relates the pressures

of the wetting and non-wetting phases according to Equation 4. The relative permeabilities are
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scalar functions with values between zero and one that model the reduced ability of a fluid phase

to flow through a porous medium when its pores are partially occupied by another fluid.

In all examples of this work, we assume either constant phase densities or the ideal gas law (26).

Because we assume the temperature to be constant during our simulations, the ideal gas law

states that there is a linear dependence between the density and the pressure of a fluid phase. We

denote

𝜌𝑑 =
1

𝑅𝑑
(𝑝𝑑 −𝑝

𝑟𝑒𝑓
𝑑 )𝜌

𝑟𝑒𝑓
𝑑 + 𝜌

𝑟𝑒𝑓
𝑑 (7)

where 𝑅𝑑 is the gas constant of phase 𝑑 and 𝜌
𝑟𝑒𝑓
𝑑 is the density of the phase at the reference phase

pressure 𝑝
𝑟𝑒𝑓
𝑑 . To evaluate Equation 7, the value of 𝑅𝑑 and the density of the fluid phase at one

pressure value are required.

To reduce the number of unknowns, we transform the system of equations 1 - 4 to

𝜕𝜙𝜌𝑤𝑆𝑤
𝜕𝑡

= −∇ ⋅ (𝑓𝑤𝜌𝑤 (𝑢 +𝑀𝑛𝑢𝐷)) (8)

𝑢 =𝐾0(−𝑀∇𝑝𝑛 +𝑀𝑤∇𝑝𝑐 + (𝑀𝑤𝜌𝑤 +𝑀𝑛𝜌𝑛)𝑔) (9)

0 =∇ ⋅ 𝑢 + ∑
𝑑=𝑤,𝑛

1

𝜌𝑑
(∇𝜌𝑑 ⋅ 𝑢𝑑 +𝜙𝑆𝑑

𝜕𝜌𝑑
𝜕𝑡

) (10)

where

𝑢𝑤 =𝑓𝑤𝑢 + 𝑓𝑤𝐾0𝑀𝑛 (∇𝑝𝑐 + (𝜌𝑤 − 𝜌𝑛)𝑔) = 𝑓𝑤𝑢 + 𝛾𝑢𝐷 (11)

𝑢𝑛 =𝑓𝑛𝑢 − 𝑓𝑤𝐾0𝑀𝑛 (∇𝑝𝑐 + (𝜌𝑤 − 𝜌𝑛)𝑔) = 𝑓𝑛𝑢 − 𝛾𝑢𝐷 (12)

𝑢𝐷 =𝐾0 (∇𝑝𝑐 + (𝜌𝑤 − 𝜌𝑛)𝑔) (13)

𝑢 = 𝑢𝑤 + 𝑢𝑛, (14)

𝑝𝑐 =𝑝𝑛 −𝑝𝑤 (15)

In this formulation 𝑢 is the so-called total velocity. The fractional flow 𝑓𝑑 and the coefficient 𝛾 are

defined as

𝑓𝑑 =
𝑀𝑑

𝑀
, (16)

𝛾 =
𝑀𝑤𝑀𝑛

𝑀
=𝑀𝑛𝑓𝑤 (17)

A similar reformulation of the two-phase Darcy equations was done by Bastian (1).

2.2. Capillary Pressure and Relative Permeability Functions
In this work, we use simplified Brooks-Corey relative permeabilities, while for the capillary pressure

functions, we use either the Brooks-Corey or Van Genuchten models. To introduce these, we first

define effective phase saturations by

̄𝑆𝑑 =
𝑆𝑑 − 𝑆𝑑,𝑟

1 − 𝑆𝑤,𝑟 − 𝑆𝑛,𝑟
for 𝑑 =𝑤, 𝑛

In the above equation 𝑆𝑤,𝑟 is the residual wetting phase saturation and 𝑆𝑛,𝑟 is the residual non-

wetting phase saturation.

The Brooks-Corey capillary pressure function (6) is given by

𝑝𝐵𝐶
𝑐 (𝑆𝑤) = 𝑝𝐵𝐶

𝑒
̄𝑆−𝑚

𝐵𝐶

𝑤

where 𝑝𝐵𝐶
𝑒 and𝑚𝐵𝐶 are parameters that are depended on the porousmedium. The VanGenuchten

capillary pressure function (42) is given by
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𝑝𝑉𝐺𝑐 (𝑆𝑤) = 𝑝𝑉𝐺𝑒 (( ̄𝑆𝑤)
−

1

𝑚𝑉𝐺 − 1)

1−𝑚𝑉𝐺

Here 𝑝𝑉𝐺𝑒 and 𝑚𝑉𝐺 need to be adapted to the respective porous medium.

As relative permeability models, we use the simplified Brooks-Corey functions (12) that are given

by

𝑘𝐵𝐶𝑟𝑤 (𝑆𝑤) = ( ̄𝑆𝑤)
𝑚𝑤,𝐵𝐶

𝑘𝐵𝐶𝑟𝑛 (𝑆𝑤) = (1 − ̄𝑆𝑤)
𝑚𝑛,𝐵𝐶

where 𝑚𝑤,𝐵𝐶 and 𝑚𝑛,𝐵𝐶 are material parameters. In Section 2.3.5, we formulate a maximization

problem involving the derivatives of the relative permeabilities with respect to the saturation 𝑆𝑤.

When 𝑚𝑤,𝐵𝐶 ≥ 1 and 𝑚𝑛,𝐵𝐶 ≥ 1, this poses no issue, because the derivatives of the Brooks-Corey

relative permeabilities are finite. However, if either 𝑚𝑤,𝐵𝐶 < 1 or 𝑚𝑛,𝐵𝐶 < 1, the derivatives become

unbounded. In this case, it is necessary to restrict the derivatives during the maximization.

2.3. IMPES Solver
The solution of the PDE system (Eqs. 8 - 10) is approximated using an IMPES method on a voxel

grid. Moreover, a timestep criterion is provided to ensure the stability of the solver. Although this

work only considers the ideal gas law or incompressible fluid phases in the examples, the solver

presented in this section can, in principle, accommodate other relations between phase pressures

and phase densities. The necessary inputs for the solver are the function describing this relation

and its derivative with respect to the corresponding phase pressure. We note that such cases are

not included in the validation examples presented in this work.

Figure 1: This is a cutout of a two-dimensional gridwith the relevant grid parameters as defined in Section
2.3. 𝑓𝑖𝑗 is the shared face of the voxels 𝐶𝑖 and 𝐶𝑗, 𝑛𝑖𝑗 is the face normal of 𝑓𝑖𝑗 pointing into 𝐶𝑗 and 𝑛𝑗𝑖 is
the face normal of 𝑓𝑖𝑗 pointing into 𝐶𝑖. 𝑥𝐶𝑖 and 𝑥𝐶𝑗 are the centers of 𝐶𝑖 and 𝐶𝑗 respectively and 𝑥𝑓𝑖𝑗 is the

center of 𝑓𝑖𝑗. Δ𝑥𝑖𝑗 is the distance between 𝑥𝐶𝑖 and 𝑥𝐶𝑗. The Δ𝑥𝑖,𝑑 and Δ𝑥𝑗,𝑑 for 𝑑 = 1, 2 denote the sizes of

the voxels 𝐶𝑖 and 𝐶𝑗 respectively.

An individual cell of the voxel grid is denoted by 𝐶𝑖, where 𝑖 ∈ ℕ. All cells are cuboids or rectangles,

dependent if the grid is two- or three-dimensional, that are aligned with the canonical unit vectors

𝑒𝑑 for 𝑑 = 1, ..., 𝑛𝐷. We refer to cells similarly as voxels. We denote the dimension of the space by

𝑛𝐷 ∈ {2, 3}. We explain the notations of the grid only for the three-dimensional case. The notations

in the two-dimensional case are accordingly.

The edge length of a cell 𝐶𝑖 is denoted by Δ𝑥𝑖,𝑑 and the volume of the cell by |𝐶𝑖|. Because the cells

are cuboids, it is
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|𝐶𝑖| =

𝑛𝐷

∏
𝑑=1

Δ𝑥𝑖,𝑑

With 𝑓𝑖𝑗, we denote a shared face of the voxels 𝐶𝑖 and 𝐶𝑗. We denote the face normal of 𝑓𝑖𝑗 pointing

into 𝐶𝑗 as 𝑛𝑖𝑗 and the face normal pointing into 𝐶𝑖 as 𝑛𝑗𝑖. As the grid is aligned to the canonical unit

vectors we can define

𝑑𝑖𝑗 ∈ {1, ..., 𝑛𝐷} so that 𝑛𝑖𝑗 =−𝑛𝑗𝑖 =±𝑒𝑑𝑖𝑗

Further, we define the function

sign(𝑛𝑖𝑗) ∶= {
+1, if 𝑛𝑖𝑗 = 𝑒𝑑𝑖𝑗
−1, if 𝑛𝑖𝑗 =−𝑒𝑑𝑖𝑗

With 𝕍, we denote the set of all cells of the grid. By 𝐹𝐶𝑖 , we denote the set containing all faces of

the cell 𝐶𝑖, and by 𝐹𝑑𝐶𝑖, we denote the set containing all faces of the cell 𝐶𝑖 that are orthogonal to 𝑒𝑑.

There are always exactly two faces in the sets 𝐹𝑑𝐶𝑖.

We denote the center of a cell 𝐶𝑖 by 𝑥𝐶𝑖 and the center of a face 𝑓𝑖𝑗 by 𝑥𝑓𝑖𝑗. The distance between

𝑥𝐶𝑖 and 𝑥𝐶𝑗 is denoted by Δ𝑥𝑖𝑗 and the area of a face 𝑓𝑖𝑗 is denoted by |𝑓𝑖𝑗|.

A two-dimensional example of all the defined grid variables is given in Figure 1.

In the solver it is necessary to evaluate variables on face centers which only have values on cell

centers. Therefore, averages of the adjacent cell-centered values are used. To simplify the notation

in the following sections, we define for an arbitrary variable 𝜓 the harmonic and arithmetic average

on a face 𝑓𝑖𝑗 by

𝜓
𝐻,𝑓𝑖𝑗

∶=
2Δ𝑥𝑖𝑗𝜓𝑖𝜓𝑗

Δ𝑥𝑖,𝑑𝑖𝑗𝜓𝑗 +Δ𝑥𝑗,𝑑𝑖𝑗𝜓𝑖
(18)

𝜓
𝐴,𝑓𝑖𝑗

∶=
1

2Δ𝑥𝑖𝑗
(Δ𝑥𝑖,𝑑𝑖𝑗𝜓𝑗 +Δ𝑥𝑗,𝑑𝑖𝑗𝜓𝑖) (19)

In the solver, gradients of variables such as the capillary pressure or the non-wetting phase

pressure must be approximated. These gradients are evaluated at the face centers using

∇𝑞𝑓𝑖𝑗 ⋅ 𝑛𝑖𝑗 ∶=
sign(𝑛𝑖𝑗)

Δ𝑥𝑖𝑗
(𝑞𝑗 − 𝑞𝑖) (20)

where 𝑞 denotes an arbitrary variable, 𝑓𝑖𝑗 is the face between cells 𝐶𝑖 and 𝐶𝑗, 𝑞𝑖 and 𝑞𝑗 are the cell-

centered values of 𝑞 in 𝐶𝑖 and 𝐶𝑗, respectively, 𝑛𝑖𝑗 denotes the normal associated with 𝑓𝑖𝑗, and Δ𝑥𝑖𝑗

is the distance between the centers of cells 𝐶𝑖 and 𝐶𝑗.

2.3.1. Pseudo Algorithm
Below the finite volume based method to solve the two-phase Darcy equations is given as pseudo

code. It is assumed that the first 𝑘 − 1 time iterations were completed and that the variables

𝑆𝑘−1𝑤,𝑖 , 𝑆
𝑘−2
𝑤,𝑖 , 𝑝

𝑘−1
𝑛,𝑖 , 𝑝

𝑘−2
𝑛,𝑖 , 𝑢

𝑘−1
𝑓𝑖𝑗

, 𝑢𝑘−1𝐷,𝑓𝑖𝑗
, 𝑢𝑘−1𝑖 , 𝑢𝑘−2𝑖 , 𝑢𝑘−1𝐷,𝑖 and 𝑢𝑘−2𝐷,𝑖 are accessible to the algorithm. The index

𝑖 refers to the cell 𝐶𝑖 in the grid, the index 𝑘 denotes the timestep number, and 𝑓𝑖𝑗 denotes the face

between cells 𝐶𝑖 and 𝐶𝑗 in the grid.

The parameter𝑚𝐼 ≥ 1 refers to the number of IMPES iterations, i.e., the number of sequential solves

of the PDE system that is carried out in every time iteration. The number𝑚𝐼 is fixed in the algorithm,

meaning that in each time step exactly 𝑚𝐼 IMPES iterations are performed, indexed by 𝑙 = 1, … , 𝑚𝐼.

1. Select the timestep size Δ𝑡𝑘.

2. For 𝑙 = 1, ..., 𝑚𝐼 repeat:

Define 𝑘0 ∶= 𝑘 − 1.
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(a) Calculate the saturation 𝑆
𝑘𝑙
𝑤,𝑖 on all cells 𝐶𝑖.

(b) Calculate the pressure 𝑝
𝑘𝑙
𝑛,𝑖 on all cells 𝐶𝑖.

(c) Calculate the velocities 𝑢
𝑘𝑙
𝑓𝑖𝑗

and 𝑢
𝑘𝑙
𝐷,𝑓𝑖𝑗

on all faces 𝑓𝑖𝑗.

After the last IMPES iteration 𝑙 =𝑚𝐼:

Define 𝑆𝑘𝑤,𝑖 ∶= 𝑆
𝑘𝑚𝐼
𝑤,𝑖 , 𝑝

𝑘
𝑛,𝑖 ∶= 𝑝

𝑘𝑚𝐼
𝑛,𝑖 , 𝑢

𝑘
𝑓𝑖𝑗

∶= 𝑢
𝑘𝑚𝐼
𝑓𝑖𝑗

and 𝑢𝑘𝐷,𝑓𝑖𝑗 ∶= 𝑢
𝑘𝑚𝐼
𝐷,𝑓𝑖𝑗

.

3. Calculate the cell velocities 𝑢𝑘𝑖 and 𝑢
𝑘
𝐷,𝑖 on all cells 𝐶𝑖 by linear interpolation of the respective

face velocities.

4. Continue with the next time iteration 𝑘 + 1.

Within the inner loop for 𝑙 = 1, … , 𝑚𝐼, it is required to store 𝑆𝑤 and 𝑝𝑛 from both the previous

timestep 𝑘 − 1 and the last IMPES iteration 𝑘𝑙−1. However, for the velocities 𝑢𝑓𝑖𝑗 and 𝑢𝐷,𝑓𝑖𝑗, only

the values from the latest IMPES iteration 𝑘𝑙−1 need to be stored.

In the following sections, the individual steps of the algorithm are explained in detail. The selection

of the timestep (Step 1) is discussed after the remaining steps of the algorithm.

2.3.2. Calculation of the Saturation
In this section, Step 2a of the method is explained in more detail. We begin by rewriting the left-

hand side of Equation 8 as

𝜕𝜙𝜌𝑤𝑆𝑤
𝜕𝑡

= 𝜙 (𝜌𝑤
𝜕𝑆𝑤
𝜕𝑡

+ 𝑆𝑤
𝜕𝜌𝑤
𝜕𝑡

) = 𝜙 (𝜌𝑤
𝜕𝑆𝑤
𝜕𝑡

+ 𝑆𝑤
𝜕𝜌𝑤
𝜕𝑝𝑤

(
𝜕𝑝𝑛
𝜕𝑡

−
𝜕𝑝𝑐
𝜕𝑡

))

We use a Euler scheme to discretize the time derivative of 𝑆𝑤. The explicit occurrences of 𝑆𝑤 are

implicitly discretized using 𝑆
𝑘𝑙
𝑤 , i.e., the saturation that is determined in this step. On the right-hand

side of Equation 8, we use the Gauss divergence theorem and an upwind scheme. In the material

functions, the saturation values of the last IMPES iteration are used. This leads to the discretized

equation

𝑆
𝑘𝑙
𝑤,𝑖 =

𝑆𝑘−1𝑤,𝑖 −
Δ𝑡𝑘

𝜙𝑖|𝐶𝑖|𝜌
𝑘𝑙−1
𝑤,𝑖

∑
𝑓𝑖𝑗∈𝐹𝐶𝑖

|𝑓𝑖𝑗|𝜌
𝑘𝑙−1
𝑤,𝑓𝑖𝑗

𝐹
ᵆ𝑝,𝑘𝑙−1
𝑓𝑖𝑗

1 +
1

𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝑝𝑤
(𝑝

𝑘𝑙−1
𝑛,𝑖 −𝑝

𝑘𝑙−1
𝑐,𝑖 −𝑝

̃𝑘𝑙
𝑛,𝑖 +𝑝

̃𝑘𝑙
𝑐,𝑖)

(21)

of the saturation in cell 𝐶𝑖. In this formula, the index

̃𝑘𝑙 = {
𝑘 − 2, if 𝑙 = 1

𝑘 − 1, else
(22)

must be defined differently for the first IMPES iteration in a time iteration. Otherwise, the denom-

inator in Equation 21 would be 0 in the first IMPES iteration.

The numerical flux function is defined as

𝐹
ᵆ𝑝,𝑘𝑙−1
𝑓𝑖𝑗

=𝑓
ᵆ𝑝,𝑘𝑙−1
𝑤,𝑓𝑖𝑗

(𝑢
𝑘𝑙−1
𝑓𝑖𝑗

+ 𝑢̃
𝑘𝑙−1
𝐷,𝑓𝑖𝑗

) ⋅ 𝑛𝑖𝑗 (23)

where the coefficient function 𝑓𝑤 is calculated by an upwind scheme

𝑓
ᵆ𝑝,𝑘𝑙−1
𝑤,𝑓𝑖𝑗

∶= {
𝑓𝑤 (𝑆

𝑘𝑙−1
𝑤,𝑖 ) , if (𝑢

𝑘𝑙−1
𝑓𝑖𝑗

+ 𝑢̃
𝑘𝑙−1
𝐷,𝑓𝑖𝑗

) ⋅ 𝑛𝑖𝑗 ≥ 0

𝑓𝑤 (𝑆
𝑘𝑙−1
𝑤,𝑗 ) , else

(24)

Moreover, it is

̃𝑢
𝑘𝑙−1
𝐷,𝑓𝑖𝑗

∶=𝑀
𝑘𝑙−1
𝑛 𝐾0

𝐻,𝑓𝑖𝑗

∇𝑝
𝑘𝑙−1
𝑐,𝑓𝑖𝑗

+𝑀
𝑘𝑙−1
𝑛 𝐾0

𝐻,𝑓𝑖𝑗

(𝜌
𝑘𝑙−1
𝑤

𝐴,𝑓𝑖𝑗

− 𝜌
𝑘𝑙−1
𝑛

𝐴,𝑓𝑖𝑗

) 𝑔 (25)

The calculation of the total velocity 𝑢
𝑘𝑙−1
𝑓𝑖𝑗

is described in Section 2.3.4.

InterPore Journal, Vol. 3, Issue 3, 2026 https://doi.org/10.69631/4cawkg52

https://doi.org/10.69631/4cawkg52


Burr et al. Page 8 of 31

In Equation 25, we select the harmonic mean of 𝑀𝑛𝐾0 to ensure consistency with the discrete

pressure equation, which is presented in Section 2.3.3. Maintaining consistency between the dis-

crete saturation and pressure equations is essential because, in the formulation of the two-phase

Darcy equations used by the solver, mass conservation of the non-wetting phase is only implicitly

guaranteed by combining the saturation and pressure equation. Furthermore, since compressible

fluid phases are considered, updating the phase pressure also influences the phase masses. If, for

instance, the total velocity is discretized differently in the pressure and saturation equations, this

could introduce an error in the non-wetting phase mass.

Therefore, the harmonic mean of the phase mobilities times the absolute permeability is consis-

tently applied throughout all steps of the algorithm. For the same reason, the upwinding of 𝑓𝑤
for calculating 𝑢𝑤 in Equation 25 is also consistently used for discretizing the phase velocities

𝑢𝑑 in the solver. If the timesteps are small enough, the upwinding and the definition of the dis-

cretized velocities ensure that the saturation cannot exceed the bounds given by the irreducible

phase saturations.

2.3.3. Calculation of the Pressure
In this section, Step 2b of the method is explained in more detail. By using

∇ ⋅ (𝜌𝑑𝑢𝑑) = ∇𝜌𝑑 ⋅ 𝑢𝑑 + 𝜌𝑑∇ ⋅ 𝑢𝑑 ⇔ ∇𝜌𝑑 ⋅ 𝑢𝑑 =∇ ⋅ (𝜌𝑑𝑢𝑑) − 𝜌𝑑∇ ⋅ 𝑢𝑑

Equation 10 can be rewritten as

0 =∇ ⋅ 𝑢 + ∑
𝑑=𝑤,𝑛

1

𝜌𝑑
(∇ ⋅ (𝜌𝑑𝑢𝑑) − 𝜌𝑑∇ ⋅ 𝑢𝑑 +𝜙𝑆𝑑

𝜕𝜌𝑑
𝜕𝑡

) (26)

We employ this reformulation as this allows us to use only discretizations of gradients on faces.

Before the reformulation, we would need to calculate gradients on cells for the discretizations of

the phase velocities 𝑢𝑑 on cells. We do not want to discretize gradients on cells as this can quickly

lead to checkerboard instabilities. This is because, in a straightforward discretization of a cell-

centered gradient, the discrete gradient does not depend on the value of the variable in the same

cell. If this approximation is used in a finite volume solver, the cells are divided in two disjoint sets

arranged in a checkerboard pattern. The cells within each set interact only within one another,

which can readily lead to instabilities. This behavior was analyzed for the approximation of the

Navier-Stokes equations by Rhie and Chow (39) and for the approximation of the wave equation

by Dellacherie (13).

To simplify the notation in the following, we define

𝑢𝑅 ∶= 𝑢+𝑀𝐾0∇𝑝𝑛 =𝐾0 (𝑀𝑤∇𝑝𝑐 (𝑀𝑤𝜌𝑤 +𝑀𝑛𝜌𝑛) 𝑔) (27)

⇔𝑢=−𝑀𝐾0∇𝑝𝑛 + 𝑢𝑅

By inserting this, together with Equation 11 and Equation 12, into Equation 26 and rearranging

terms, we get

∑
𝑑=𝑤,𝑛

1

𝜌𝑑
∇⋅ (𝜌𝑑𝑓𝑑𝑀𝐾0∇𝑝𝑛) − (

𝜙𝑆𝑤
𝜌𝑤

𝜕𝜌𝑤
𝜕𝑝𝑤

+
𝜙𝑆𝑛
𝜌𝑛

𝜕𝜌𝑛
𝜕𝑝𝑛

)
𝜕𝑝𝑛
𝜕𝑡

= ∑
𝑑=𝑤,𝑛

1

𝜌𝑑
∇ ⋅ (𝜌𝑑𝑓𝑑𝑢𝑅)

+
1

𝜌𝑤
∇ ⋅ (𝜌𝑤𝑓𝑤𝑀𝑛𝑢𝐷) −

1

𝜌𝑛
∇ ⋅ (𝜌𝑛𝑓𝑤𝑀𝑛𝑢𝐷) −

𝜙𝑆𝑤
𝜌𝑤

𝜕𝜌𝑤
𝜕𝑝𝑤

𝜕𝑝𝑐
𝜕𝑡

We discretize this equation by integrating over a cell 𝐶𝑖 and using the Gauss divergence theorem.

The discrete form of the equation that we use is
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∑
𝑓𝑖𝑗∈𝐹𝐶𝑖

|𝑓𝑖𝑗|𝐴
𝑘𝑙
𝑓𝑖𝑗
𝑀𝑘𝑙𝐾0

𝐻,𝑓𝑖𝑗
∇𝑝

𝑘𝑙
𝑛,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 −
|𝐶𝑖|𝜙𝑖
Δ𝑡𝑘

(
𝑆
𝑘𝑙
𝑤,𝑖

𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝑝𝑤
+
(1 − 𝑆

𝑘𝑙
𝑤,𝑖)

𝜌
𝑘𝑙−1
𝑛,𝑖

𝜕𝜌
𝑘𝑙−1
𝑛,𝑖

𝜕𝑝𝑛
) 𝑝

𝑘𝑙
𝑛,𝑖

= ∑
𝑓𝑖𝑗∈𝐹𝐶𝑖

|𝑓𝑖𝑗|𝐴
𝑘𝑙
𝑓𝑖𝑗

̂𝑢
𝑘𝑙
𝑅,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 + ∑
𝑓𝑖𝑗∈𝐹𝐶𝑖

|𝑓𝑖𝑗|𝐵
𝑘𝑙
𝑓𝑖𝑗
𝑓
ᵆ𝑝,𝑘𝑙
𝑤,𝑓𝑖𝑗

̂𝑢
𝑘𝑙
𝐷,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 (28)

−
|𝐶𝑖|𝜙𝑖
Δ𝑡𝑘

(
𝑆
𝑘𝑙
𝑤,𝑖

𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝜌
𝑘𝑙−1
𝑤,𝑖

𝜕𝑝𝑤
(𝑝𝑘−1𝑛,𝑖 +𝑝

𝑘𝑙
𝑐,𝑖 −𝑝𝑘−1𝑐,𝑖 ) +

(1 − 𝑆
𝑘𝑙
𝑤,𝑖)

𝜌
𝑘𝑙−1
𝑛,𝑖

𝜕𝜌
𝑘𝑙−1
𝑛,𝑖

𝜕𝑝𝑛
𝑝𝑘−1𝑛,𝑖 )

where

𝐴
𝑘𝑙
𝑓𝑖𝑗

∶= (𝑓
ᵆ𝑝,𝑘𝑙
𝑤,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑤,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑤,𝑖

+ (1 − 𝑓
ᵆ𝑝,𝑘𝑙
𝑤,𝑓𝑖𝑗

)
𝜌
𝑘𝑙−1
𝑛,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑛,𝑖

) (29)

𝐵
𝑘𝑙
𝑓𝑖𝑗

∶=
𝜌
𝑘𝑙−1
𝑤,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑤,𝑖

−
𝜌
𝑘𝑙−1
𝑛,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑛,𝑖

(30)

̂𝑢
𝑘𝑙
𝑅,𝑓𝑖𝑗

∶=𝑀
𝑘𝑙
𝑤𝐾0

𝐻,𝑓𝑖𝑗

∇𝑝
𝑘𝑙
𝑐,𝑓𝑖𝑗

+ (𝐾0𝑀
𝑘𝑙
𝑤

𝐻,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑤

𝐴,𝑓𝑖𝑗

+𝐾0𝑀
𝑘𝑙
𝑛

𝐻,𝑓𝑖𝑗

𝜌
𝑘𝑙−1
𝑛

𝐴,𝑓𝑖𝑗

) 𝑔 (31)

̂𝑢
𝑘𝑙
𝐷,𝑓𝑖𝑗

∶=𝑀
𝑘𝑙
𝑛 𝐾0

𝐻,𝑓𝑖𝑗

∇𝑝
𝑘𝑙
𝑐,𝑓𝑖𝑗

+𝑀
𝑘𝑙
𝑛 𝐾0

𝐻,𝑓𝑖𝑗

(𝜌
𝑘𝑙−1
𝑤

𝐴,𝑓𝑖𝑗

− 𝜌
𝑘𝑙−1
𝑛

𝐴,𝑓𝑖𝑗

) 𝑔 (32)

We solve the resulting linear system of equations by an algebraic multigrid method (24).

To justify the usage of the harmonic mean for the discretization of the velocities, we consider the

phase velocity 𝑢𝑑 as given by Equation 11 or Equation 12 respectively. We neglect the gravity term

and we assume the phase velocity 𝑢𝑑 as well as the phase pressure 𝑝𝑑 to be continuous between

two neighboring cells 𝐶𝑖 and 𝐶𝑗 with the same material parameters. The phase velocities need

to be continuous because of the conservation of mass. We assume the phase pressures at the

macroscale to be continuous as these represent the average of the microscopic phase pressures

in an REV.

Using these assumptions the phase velocity 𝑢𝑑 can be approximated with the values at 𝐶𝑖 and 𝑓𝑖𝑗

or with the values at 𝐶𝑗 and 𝑓𝑖𝑗,

𝑢𝑑,𝑓𝑖𝑗 =−𝑀𝑑,𝑖𝐾0,𝑖

𝑝𝑑,𝑓𝑖𝑗 −𝑝𝑑,𝑖

0.5Δ𝑥𝑖,𝑑𝑖𝑗
(33)

𝑢𝑑,𝑓𝑖𝑗 =−𝑀𝑑,𝑗𝐾0,𝑗

𝑝𝑑,𝑗 −𝑝𝑑,𝑓𝑖𝑗

0.5Δ𝑥𝑗,𝑑𝑖𝑗
(34)

We use these two equations to calculate the phase pressure at the face 𝑓𝑖𝑗

𝑝𝑑,𝑓𝑖𝑗 =
𝑀𝑑,𝑖𝐾0,𝑖Δ𝑥𝑗,𝑑𝑖𝑗𝑝𝑑,𝑖 +𝑀𝑑,𝑗𝐾0,𝑗Δ𝑥𝑖,𝑑𝑖𝑗𝑝𝑑,𝑗

𝑀𝑑,𝑖𝐾0,𝑖Δ𝑥𝑗,𝑑𝑖𝑗 +𝑀𝑑,𝑗𝐾0,𝑗Δ𝑥𝑖,𝑑𝑖𝑗
(35)

Inserting the face pressure back in Equation 33 or Equation 34 leads to

𝑢𝑑,𝑓𝑖𝑗 =
2Δ𝑥𝑖𝑗𝑀𝑑,𝑖𝐾0,𝑖𝑀𝑑,𝑗𝐾0,𝑗

𝑀𝑑,𝑖𝐾0,𝑖Δ𝑥𝑗,𝑑𝑖𝑗 +𝑀𝑑,𝑗𝐾0,𝑗Δ𝑥𝑖,𝑑𝑖𝑗

𝑝𝑑,𝑖 −𝑝𝑑,𝑗

Δ𝑥𝑖𝑗
=𝑀𝑑𝐾0

𝐻,𝑓𝑖𝑗 𝑝𝑑,𝑖 −𝑝𝑑,𝑗

Δ𝑥𝑖𝑗
(36)

This shows that the continuity of the velocity and phase pressure lead to the usage of the harmonic

mean of𝑀𝑑𝐾0 at faces.

We discretize the respective terms in all velocities consistently with Equation 36, except for the

total velocity 𝑢. The discrete formula for 𝑢 is given in Equation 40. For 𝑢, we use 𝑀𝐾0

𝐻,𝑓𝑖𝑗
as the

coefficient of the non-wetting phase pressure gradient, and we refer to this discretization as the

”Total Mobility” approach. The discretization consistent with Equation 36 would instead use
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𝑀𝑤𝐾0

𝐻,𝑓𝑖𝑗
+𝑀𝑛𝐾0

𝐻,𝑓𝑖𝑗
(37)

as the coefficient of the non-wetting phase pressure gradient. We refer to this as the ”Phase

Mobility” discretization, and the two coefficients are not equal. We accept the inconsistency of

the ”Total Mobility” discretization, because it leads to a better mass conservation for compressible

fluid phases in the example of Section 3.4. This comparison is presented in Table 7.

In the discrete pressure equation (Eq. 28), values of the phase densities at faces are needed. We

calculate these values by calculating the phase pressures 𝑝𝑤 and 𝑝𝑛 at faces, and use these to

determine the respective phase densities. If the phase densities additionally depend on other

variables, such as temperature, these variables must also be calculated at the faces.

Consistent with Equation 35, we determine the phase pressures at a face 𝑓𝑖𝑗 by

𝑝
𝑘𝑙−1
𝑑,𝑓𝑖𝑗

=
𝑀

𝑘𝑙
𝑑,𝑖𝐾0,𝑖Δ𝑥𝑗,𝑑𝑖𝑗𝑝

𝑘𝑙−1
𝑑,𝑖 +𝑀

𝑘𝑙
𝑑,𝑗𝐾0,𝑗Δ𝑥𝑖,𝑑𝑖𝑗𝑝

𝑘𝑙−1
𝑑,𝑗

𝑀
𝑘𝑙
𝑑,𝑖𝐾0,𝑖Δ𝑥𝑗,𝑑𝑖𝑗 +𝑀

𝑘𝑙
𝑑,𝑗𝐾0,𝑗Δ𝑥𝑖,𝑑𝑖𝑗

(38)

𝑝
𝑘𝑙−1
𝑐,𝑓𝑖𝑗

=𝑝
𝑘𝑙−1
𝑛,𝑓𝑖𝑗

−𝑝
𝑘𝑙−1
𝑤,𝑓𝑖𝑗

(39)

2.3.4. Calculation of the Face Velocities
In this section, Step 2c of the solver is explained in more detail. The velocities 𝑢 and 𝑢𝐷 on faces

are approximated by

𝑢
𝑘𝑙
𝑓𝑖𝑗

= sign(𝑛𝑖𝑗) (−𝑀
𝑘𝑙𝐾0

𝐻,𝑓𝑖𝑗
∇𝑝

𝑘𝑙
𝑛,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 +𝑀
𝑘𝑙
𝑤𝐾0

𝐻,𝑓𝑖𝑗

∇𝑝
𝑘𝑙
𝑐,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗) (40)

+ (𝑀
𝑘𝑙
𝑤𝐾0

𝐻,𝑓𝑖𝑗

𝜌
𝑘𝑙
𝑤

𝐴,𝑓𝑖𝑗

+𝑀
𝑘𝑙
𝑛 𝐾0

𝐻,𝑓𝑖𝑗

𝜌
𝑘𝑙
𝑛

𝐴,𝑓𝑖𝑗

) 𝑔 (41)

𝑢
𝑘𝑙
𝐷,𝑓𝑖𝑗

= sign(𝑛𝑖𝑗)𝐾0

𝐻,𝑓𝑖𝑗
∇𝑝

𝑘𝑙
𝑐,𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 +𝐾0

𝐻,𝑓𝑖𝑗
(𝜌

𝑘𝑙
𝑤

𝐴,𝑓𝑖𝑗

− 𝜌
𝑘𝑙
𝑛

𝐴,𝑓𝑖𝑗

) 𝑔 (42)

These velocities are scalar-valued because only the component normal to each face is calculated.

2.3.5. Generalized Characteristic Wave Velocity Timestep Criterion
In this section, the timestep criterion used in Step 1 of the IMPES solver is described. In the follow-

ing, we refer to it as the generalized characteristic velocity criterion.This criterion generalizes

the approach described, for instance, by Lamine and Edwards (25).

The timestep criterion is based on the CFL condition (33). To derive it, we consider the saturation

equation, Equation 1, and assume incompressible fluid phases,

𝜕𝑆𝑤
𝜕𝑡

= −
1

𝜙
∇ ⋅ 𝑢𝑤 =−

1

𝜙

𝜕𝑢𝑤
𝜕𝑆𝑤

⋅ ∇𝑆𝑤 (43)

We assume that assuming incompressibility of the fluid phases does not substantially impact the

flow or lead to instabilities. In Section 3.4, the timestep criterion demonstrates its capability to sta-

bilize two-phase flow with compressible fluid phases, despite the assumption of incompressibility

in the derivation.

If we assume for a moment that the derivative of 𝑢𝑤 in Equation 43 is constant, the CFL condition

of this linear system is given by

Δ𝑡 ≤min
𝐶𝑖∈𝕍

⎛
⎜⎜
⎝

𝜙𝑖 𝐶𝑠𝑡𝑎𝑏

∑
𝑛𝐷
𝑑=1

1

Δ𝑥𝑖,𝑑

||𝜔𝑖𝑗||

⎞
⎟⎟
⎠

(44)

where
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𝜔𝑖𝑗(𝑆𝑤) ∶=
𝜕𝑢𝑤
𝜕𝑆𝑤

|
|
|
𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗
Eq. 11
= (

𝜕𝑓𝑤
𝜕𝑆𝑤

𝑢 +
𝜕𝛾

𝜕𝑆𝑤
𝑢𝐷 +𝑓𝑤

𝜕𝑢

𝜕𝑆𝑤
+ 𝛾

𝜕𝑢𝐷
𝜕𝑆𝑤

)
|
|
|
𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 (45)

is the so-called characteristic wave velocity on face 𝑓𝑖𝑗, and 𝐶𝑠𝑡𝑎𝑏 > 0 is the so-called stability con-

stant. In the nonlinear case, the characteristic wave velocity 𝜔𝑖𝑗 varies with saturation and is not

constant. To obtain a computationally efficient CFL condition for the non-linear scenario, we use

Equation 44 while maximizing 𝜔𝑖𝑗 over the local saturation values.

The derivatives of 𝑓𝑤 and 𝛾 are straightforward to compute, because in these terms only the rela-

tive permeabilities depend on the saturation. The derivatives of 𝑢 and 𝑢𝐷 are more complicated.

Instead of deriving exact expressions for these derivatives, we develop numerical approximations.

For the approximation of the derivative of 𝑢, we consider

𝑛𝑇𝑖𝑗∇𝑢(𝑆𝑤, 𝑝𝑛)𝑛𝑖𝑗 = (
𝜕𝑢

𝜕𝑆𝑤
⋅ 𝑛𝑖𝑗) (∇𝑆𝑤 ⋅ 𝑛𝑖𝑗) + (

𝜕𝑢

𝜕𝑝𝑛
⋅ 𝑛𝑖𝑗) (∇𝑝𝑛 ⋅ 𝑛𝑖𝑗) (46)

We approximate the gradients of 𝑢 and 𝑆𝑤 on the face 𝑓𝑖𝑗 by

∇𝑆𝑤|
𝑘−1

𝑓𝑖𝑗
⋅ 𝑛𝑖𝑗 ≈

𝑆𝑘−1𝑤,𝑖 − 𝑆𝑘−1𝑤,𝑗

Δ𝑥𝑖𝑗

𝑛𝑇𝑖𝑗 ∇𝑢|
𝑘−1

𝑓𝑖𝑗
𝑛𝑖𝑗 ≈

(𝑢𝑘−1𝑖 − 𝑢𝑘−1𝑗 ) ⋅ 𝑛𝑖𝑗

Δ𝑥𝑖𝑗

We substitute these approximations into Equation 46 and omit the term involving the gradient

of 𝑝𝑛 on the right-hand side. Without this simplification, deriving a straightforward numerical

approximation of the derivative of 𝑢 would not be feasible. Moreover, the approximation is pri-

marily intended to capture the capillary effects, for which the omitted term plays only a minor role.

This results in

(𝑢𝑘−1𝑖 − 𝑢𝑘−1𝑗 ) ⋅ 𝑛𝑖𝑗

Δ𝑥𝑖𝑗
≈ (

𝜕𝑢

𝜕𝑆𝑤

|
|
|
𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗)
𝑆𝑘−1𝑤,𝑖 − 𝑆𝑘−1𝑤,𝑗

Δ𝑥𝑖𝑗

If 𝑆𝑘−1𝑤,𝑖 − 𝑆𝑘−1𝑤,𝑗 ≠ 0, this can be rearranged to obtain an approximation of the derivative of 𝑢 with

respect to the saturation 𝑆𝑤. Otherwise, the same procedure can be applied using a time derivative

in Equation 46 instead of a spatial derivative. In this case, an approximation can be obtained if

𝑆𝑘−1𝑤,𝑓𝑖𝑗
− 𝑆𝑘−2𝑤,𝑓𝑖𝑗

≠ 0. In summary, we obtain the approximation

𝜕𝑢

𝜕𝑆𝑤

|
|
|

𝑘−1

𝑓𝑖𝑗

⋅ 𝑛𝑖𝑗 ≈𝐷
ᵆ,𝑘−1
𝑓𝑖𝑗

∶=

⎧
⎪
⎪

⎨
⎪
⎪
⎩

(ᵆ𝑘−1𝑖 −ᵆ𝑘−1𝑗 )⋅𝑛𝑖𝑗

𝑆𝑘−1𝑤,𝑖 −𝑆
𝑘−1
𝑤,𝑗

, if ||𝑆
𝑘−1
𝑤,𝑖 − 𝑆𝑘−1𝑤,𝑗

|| ≥ Δmin
𝑠 ,

(ᵆ𝑘−1𝑓𝑖𝑗
−ᵆ𝑘−2𝑓𝑖𝑗

)⋅𝑛𝑖𝑗

𝑆𝑘−1𝑤,𝑓𝑖𝑗
−𝑆𝑘−2𝑤,𝑓𝑖𝑗

, else if ||𝑆
𝑘−1
𝑤,𝑓𝑖𝑗

− 𝑆𝑘−2𝑤,𝑓𝑖𝑗
|
| ≥ Δmin

𝑡 ,

0, else,

(47)

where Δmin
𝑠 > 0 and Δmin

𝑡 > 0 are tolerances that ensure the denominators are not too small.

The same approximation can also be done with 𝑢𝐷 instead of 𝑢. In that case, we denote the

approximation by 𝐷
ᵆ𝐷,𝑘−1
𝑓𝑖𝑗

.

Now, we maximize the characteristic wave velocity, Equation 45, at face 𝑓𝑖𝑗 to obtain

𝜔
𝑘,𝑚𝑎𝑥
𝑖𝑗 ∶= max

̂𝑆𝑤∈𝐼
𝑘
𝑖𝑗

(
|
|
|

𝜕𝑓𝑤
𝜕𝑆𝑤

( ̂𝑆𝑤) 𝑢
𝑘−1
𝑓𝑖𝑗

+
𝜕𝛾

𝜕𝑆𝑤
( ̂𝑆𝑤) 𝑢

𝑘−1
𝐷,𝑓𝑖𝑗

+𝑓𝑤 ( ̂𝑆𝑤) 𝐷
ᵆ,𝑘−1
𝑓𝑖𝑗

+ 𝛾 ( ̂𝑆𝑤) 𝐷
ᵆ𝐷,𝑘−1
𝑓𝑖𝑗

|
|
|
) , (48)

≈ max
̂𝑆𝑤∈𝐼

𝑘
𝑖𝑗

(||𝜔𝑖𝑗 ( ̂𝑆𝑤)||)

where the interval of the maximization is given by
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𝐼𝑘𝑖𝑗 = [𝑆𝑘−1𝑤,𝑖 , 𝑆
𝑘−1
𝑤,𝑗 ] ∪ [𝑆

𝑘−1
𝑤,𝑗 , 𝑆

𝑘−1
𝑤,𝑖 ] (49)

Using this approximation in Equation 44 leads to the timestep restriction

Δ𝑡
𝑔𝑐𝑤
𝑘 ∶=min

𝐶𝑖∈𝕍

⎛
⎜
⎜
⎝

𝜙𝑖 𝐶𝐶𝐹𝐿

∑
𝑛𝐷
𝑑=1

1

Δ𝑥𝑖,𝑑
max
𝑓𝑖𝑗∈𝐹

𝑑
𝐶𝑖

𝜔
𝑘,𝑚𝑎𝑥
𝑖𝑗

⎞
⎟
⎟
⎠

(50)

In this formula, we alsomaximize with respect to the set 𝐹𝑑𝐶𝑖, which includes the two faces of 𝐶𝑖 that

are orthogonal to the coordinate axis of space dimension 𝑑.

The computational effort required by the timestep criterion is influenced by the performance of the

scalar optimization method employed in Equation 48, since this maximization must, in principle,

be performed at every face of the grid. However, inmany simulations, a large number of faces have

adjacent cells with nearly identical saturations. In such cases, the optimization step can be omitted

by directly using the maximum value calculated from the two saturations of the adjacent cells. In

our approach, this shortcut is applied whenever the saturation difference between the two cells is

below 10−6. When the difference is greater, we utilize an active set algorithm implementation (4)

to carry out the scalar maximization.

We assume that there are no saturations for which both relative permeabilities are zero, and

that the derivatives of both relative permeabilities are bounded for 𝑆𝑤 ∈ [0, 1]. In Section 2.2

the assumption of bounded derivatives is discussed for the Brooks-Corey relative permeabilities

that are used in the examples in Section 3. Under these two assumptions, the maximization in

Equation 48 is well-defined, as it involves maximizing a finite objective function over a finite inter-

val. Moreover, themaximization algorithm cannot diverge, but itmay converge to a localmaximum

rather than the global maximum. To reduce this risk, we perform the maximization starting from

three different initial values, these are 𝑆𝑘−1𝑤,𝑖 , 𝑆
𝑘−1
𝑤,𝑗 and

1

2
(𝑆𝑘−1𝑤,𝑖 + 𝑆𝑘−1𝑤,𝑗 ).

As previously mentioned, we use an active set algorithm (3, 18) to solve themaximization problem.

The stopping criterion is that the algorithm terminateswhen the change in the variable ̂𝑆𝑤 between

iterations is less than 10−6. Additionally, we set themaximum number of allowed iterations to 1000.

We note that this limit was never exceeded in the simulations presented in Section 3.

In the numerical experiments in Section 3, we compare the effectiveness and reliability of the newly

developed timestep criterion to already existing timestep criteria for IMPES solver in the literature.

We compare it to the Coats criterion (11) and the criterion explained by Lamine and Edwards (25),

which we refer to as the characteristic velocity criterion.

The timestep criterion given by Equation 50 is based on a similar idea as the characteristic veloc-

ity criterion. The difference is that in the characteristic velocity criterion, the terms involving the

derivatives of the velocities 𝑢 and 𝑢𝐷 in Equation 45 are not taken into account. Accordingly, the

numerical approximations of these velocity derivatives are not needed.

The velocities 𝑢 and 𝑢𝐷 are dependent on the saturation through the relative permeabilities and the

capillary pressure function. As the capillary pressure function varies strongly with the saturation,

it is expected that these two criteria lead to significantly different timestep sizes when capillary

effects are important for the flow.

The Coats criterion is derived from a Neumann stability analysis. For two-phase flow, the criterion

is given by
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Δ𝑡𝐶𝑜𝑎𝑡𝑠𝑘 ∶=min
𝐶𝑖∈𝕍

(
𝜙𝑖|𝐶𝑖|𝐶stab

𝐹𝑘𝑖,𝐶𝑜𝑎𝑡𝑠
)

𝐹𝑘𝑖,𝐶𝑜𝑎𝑡𝑠 ∶= ∑
𝑓𝑖𝑗∈𝐹𝐶𝑖

||𝜃
𝑘
𝑖𝑗,𝐶𝑜𝑎𝑡𝑠

||

𝜃𝑘𝑖𝑗,𝐶𝑜𝑎𝑡𝑠 ∶= |𝑓𝑖𝑗| (𝐴
𝑘−1
𝑓𝑖𝑗,𝐶𝑜𝑎𝑡𝑠

|
|𝑢
𝑘−1
𝑤,𝑓𝑖𝑗

|
| + 𝐵𝑘−1𝑓𝑖𝑗,𝐶𝑜𝑎𝑡𝑠

|
|𝑢
𝑘−1
𝑛,𝑓𝑖𝑗

|
| + 𝐶𝑘−1

𝑓𝑖𝑗,𝐶𝑜𝑎𝑡𝑠
(
𝜕𝑝𝑘−1𝐶,𝑖

𝜕𝑆𝑤
+
𝜕𝑝𝑘−1𝐶,𝑗

𝜕𝑆𝑤
))

The coefficients are defined as

𝐴𝐶𝑜𝑎𝑡𝑠 ∶=
𝑀𝑛

𝑀𝑀𝑤

𝜕𝑀𝑤

𝜕𝑆𝑤

𝐵𝐶𝑜𝑎𝑡𝑠 ∶=
𝑀𝑤

𝑀𝑀𝑛

𝜕𝑀𝑛

𝜕𝑆𝑛

𝐶𝐶𝑜𝑎𝑡𝑠 ∶=−
𝐾0

𝑑𝑖𝑗

𝑀𝑛𝑀𝑤

𝑀

The coefficients are computed at timestep 𝑘 − 1 on face 𝑓𝑖𝑗 using upwinding. This upwinding is

based on the non-wetting phase velocity 𝑢𝑘−1𝑛 when𝑀𝑘−1
𝑛 ≠ 0. If𝑀𝑘−1

𝑛 = 0, the wetting phase velocity

𝑢𝑘−1𝑤 is used instead.

Alongside any of the timestep criteria, we enforce a limit on the maximum relative increase of

the timestep size in one time iteration. The parameter 𝜏max > 0 sets this maximum allowed relative

increase. This constraint prevents the solver fromenlarging the timestep too abruptly, whichmight

lead to instabilities.

If Δ𝑡stab𝑘 is the timestep size recommended by the criterion and Δ𝑡𝑘−1 is the previous timestep size,

we select

Δ𝑡𝑘 ∶=min {Δ𝑡stab𝑘 , (𝜏max + 1) Δ𝑡𝑘−1} (51)

as the final timestep size.

2.3.6. Typical Boundary Conditions
In this section, we present the boundary conditions used for the two-phase Darcy equations. The

velocity is uniquely determined by the saturation and pressure. Therefore, boundary conditions

for the velocity are generally unnecessary. However, for wall boundaries, we prescribe zero flux

across the boundary.

Let 𝑓𝑖𝑗 be a outer boundary next to the cell 𝐶𝑖. For simplicity, we introduce an imaginary cell 𝐶𝑗
outside the grid, positioned on the opposite side of the face 𝑓𝑖𝑗, that has the same size as 𝐶𝑖.

At wall boundaries, we set

𝑢𝑓𝑖𝑗 = 𝑢𝐷,𝑓𝑖𝑗 = 𝑢𝑤,𝑓𝑖𝑗 = 𝑢𝑛,𝑓𝑖𝑗 = 0

As symmetric boundary conditions, we indicate

∇𝑝𝑛,𝑓𝑖𝑗 ⋅ 𝑛𝑖𝑗 = 0

∇𝑆𝑤,𝑓𝑖𝑗 ⋅ 𝑛𝑖𝑗 = 0

At an outlet boundary, we prescribe

∇𝑆𝑤,𝑓𝑖𝑗 ⋅ 𝑛𝑖𝑗 = 0

together with a Dirichlet boundary condition for the pressure 𝑝𝑛. In most cases, the prescribed

boundary value is 105𝑃𝑎, corresponding to atmospheric pressure.

At an inlet boundary, we set
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𝑆𝑤,𝑓𝑖𝑗 = 1

as the saturation boundary condition. In most experiments, we also apply a Dirichlet boundary

condition for the pressure, setting the boundary pressure value equal to or higher than that at the

inlet boundary.

The example presented in Section 3.2 is an exception. In this case, a constant inflow velocity, 𝑢𝐼𝑛 > 0,

is prescribed at the inlet. Since gravity and capillary forces are not considered in this example, we

obtain

𝑢𝐼𝑛 =𝑀𝐾0∇𝑝𝑛,𝑓𝑖𝑗 ⇔ ∇𝑝𝑛,𝑓𝑖𝑗 =𝜇𝑤𝐾
−1
0 𝑢𝐼𝑛 (52)

Equation 52 implements the constant inflow velocity condition through a Neumann boundary

condition on the pressure.

3. RESULTS AND DISCUSSION

In the following sections, we provide numerical experiments for testing and validating the two-

phase Darcy solver. The examples include scenarios involving pressure drop dominated flow,

capillary dominated flow, flow with compressible fluid phases, and flow featuring discontinuous

material parameters. Additionally, we compare the newly introduced timestep criterion from

Section 2.3.5 with both the Coats criterion and the characteristic wave velocity criterion. Unless

otherwise specified, all subsequent simulations employ the generalized characteristic wave veloc-

ity criterion together with the relative increase restriction on the timestep size from Equation 51.

Unless otherwise indicated, the parameters are set to 𝜏max = 0.01, 𝐶stab = 1, and Δmin
𝑠 =Δmin

𝑡 = 10−4.

3.1. Capillary Rise
The first example is a capillary rise experiment. The goal of this example is to assess the

effectiveness of the timestep criteria in stabilizing capillary dominated flows.

Table 1: Both fluid phases are assumed to be incompressible. 𝜙 is the
porosity and𝐾0 the absolute permeability of the porousmaterial. 𝜇𝑤 and
𝜇𝑛 are the viscosities, and 𝜌𝑤 and 𝜌𝑛 are the densities, of the wetting and
the non-wetting phase, respectively.

𝜙 𝐾0 𝜇𝑤 𝜇𝑛 𝜌𝑤 𝜌𝑛

0.4 5.8 ⋅ 10−13𝑚2 6.72 ⋅ 10−2𝑃𝑎𝑠 1.76 ⋅ 10−5𝑃𝑎𝑠 920
𝑘𝑔

𝑚3
1.22

𝑘𝑔

𝑚3

We simulate the capillary rise in a 0.1𝑚 high column that is initially filled with air. Gravity is

directed in the negative height direction and the wetting phase enters the column from the bot-

tom. Therefore, the bottom boundary serves as an inlet, while the top boundary is an outlet. We

set the same Dirichlet pressure values at both the inlet and outlet. The physical parameters are

summarized in Table 1. The non-wetting phase is air, and the wetting phase corresponds to a

light polymer resin. Relative permeabilities are described using the simplified Brooks-Corey func-

tions with 𝑚𝑤,𝐵𝐶 =𝑚𝑛,𝐵𝐶 = 4. The capillary pressure is a Van Genuchten function with parameters

𝑝𝑉𝐺𝑒 = 17.7𝑘𝑃𝑎 and𝑚𝑉𝐺 = 0.74. The simulation is performedwith𝐶stab = 1 applying all three timestep

criteria. The computational domain uses a two-dimensional grid with 100 cells in height and 10 cells

in width. Symmetric boundary conditions are set on the left and right boundaries of the geometry.

Since the setup is uniform in thewidth direction, results are presented as a one-dimensional profile

along the height.

Figure 2 shows the saturation profiles along the height after 10000𝑠 of all three simulations. The

characteristic wave velocity criterion exhibits significant oscillations, whereas the results from both

the generalized characteristic wave velocity criterion and Coats criterion are nearly identical and

free of oscillations. The results clearly highlight the limitations of the characteristic wave velocity
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Figure 2: The image displays the saturation profiles from the capillary rise simulations at 10000𝑠. The
results were obtained using the characteristic wave velocity criterion, the generalized characteristic wave
velocity criterion, and the Coats criterion. The grid used measures 10 × 100 voxels.

criterion in stabilizing flows dominated by capillarity, and the results confirm that the additional

terms in the generalized characteristic wave velocity criterion enhances its ability the stabilize

capillary dominated flows.

3.2. Buckley-Leverett Problem
To validate the IMPES solver for pressure drop dominated flows, we apply it to the Buckley-Leverett

problem. This problem considers one-dimensional flow driven by a pressure drop. Capillary pres-

sure effects and gravity are not considered. As demonstrated by Buckley and Leverett (7), an

analytic solution exists that can be calculated. Therefore, the Buckley-Leverett problem is well

suited for validating numerical two-phase flow solvers in the case of pressure drop dominated

flows.

Table 2: Both fluid phases are assumed to be
incompressible. 𝜙 is the porosity and 𝐾0 the
absolute permeability of the porousmaterial.
𝜇𝑤 and 𝜇𝑛 are the viscosities of the wetting
and the non-wetting phase, respectively.

𝜙 𝐾0 𝜇𝑤 𝜇𝑛
0.4 5 ⋅ 10−13𝑚2 1 ⋅ 10−4𝑃𝑎𝑠 1 ⋅ 10−4𝑃𝑎𝑠

The experiment uses a one-meter-long geometry with an inlet at the left end and an outlet at

the right end. Initially, the geometry is filled with the non-wetting phase. The viscosities of both

phases are chosen to be equal so that the saturation at the shock front in the analytical solution is

significantly less than one. In this case, the rarefaction wave part of the analytic solution is clearly

visible. This would not be the case if the viscosity of the non-wetting phase were much smaller

than that of the wetting phase. A constant inflow velocity of 2.5 ⋅ 10−4
𝑚

𝑠
is imposed at the inlet

as in Equation 52. The physical parameters are listed in Table 2. Moreover, we use simplified

Brooks-Corey relative permeabilities with 𝑚𝑤,𝐵𝐶 =𝑚𝑛,𝐵𝐶 = 4. Similar to the previous example, the

simulations are performed on a two-dimensional grid with symmetric boundary conditions on the

additional boundaries. Since the setup and results are uniform in this direction, only the results

along the non-constant direction are presented.
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Figure 3 presents both the analytic and numerical solutions of the Buckley-Leverett problem at

various times. The analytic solution consists of a shockwave followed by a rarefactionwave and the

numerical solution 3 demonstrates that the presented IMPES solver closely matches the analytic

solution. The greatest numerical error appearing right at the shock front.

Figure 3: The numerical and analytic solutions of the Buckley-Leverett problem at various times are
shown. Solid lines correspond to the analytic solution, while dashed lines indicate the numerical results.
The geometry is discretizedwith a voxel size of 10−3𝑚, and the simulations are performed using𝐶stab = 1.
"WP" is an abbreviation for wetting phase.

Figure 4: This image shows both the analytic and numerical solutions of the Buckley-Leverett problem
at time 𝑡 = 450𝑠. The geometry is discretized with a voxel size of 10−3𝑚 and the numerical solutions are
computed using various stability constants 𝐶stab. "WP" is an abbreviation for wetting phase.
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Figure 5: These two images display the errors of the numerical solutions for the Buckley-Leverett problem
across different voxel sizes. The stability constant is set to 𝐶stab = 1. Black dots indicate the numerical
errors, with the left image presenting the 𝐿1 error and the right image showing the 𝐿2 error. The red
lines correspond to linear least-squares regression lines, estimating the order of convergence of the
solver. These regression lines are computed by a least-squares fit of the base-10 logarithms of the
voxel sizes and the corresponding error values. The slope of this fit represents the approximate order of
convergence, yielding about 0.92 for the 𝐿1 error and 0.48 for the 𝐿2 error.

In Figure 4, the analytic solution at time 𝑡 = 450𝑠 is compared with numerical solutions using sta-

bility constants between 1 and 2. The figure shows that numerical results remain stable up to a

stability constant of 1.4, while higher values lead to oscillations near the shock front.

Figure 5 displays the 𝐿1 and 𝐿2 errors of the numerical solutions over different voxel sizes. For this

example, errors are calculated by comparing the wetting phase saturation values to the analytic

solution at 101 equidistant time steps between 𝑡 = 0 and 𝑡 = 1500𝑠. The maximum difference across

all time steps is reported as the overall error of the numerical solution. The order of convergence

is estimated by a linear least-squares fit, yielding about 0.92 for the 𝐿1 error and 0.48 for the 𝐿2 error.

To compare the timestep criteria, the setup is simulated using all three timestep criteria with vari-

ous stability constants𝐶stab. Table 3 shows the error and timestep statistics from these simulations.

In these simulations, 𝜏max = 0.3 is used. This allows the timestep size to increaseup to a 30%between

consecutive time iterations to reduce the impact of this parameter on the comparison. To mea-

sure the computational effort, the tables list the total number of time iterations and the average

timestep size, calculated as the arithmeticmean of all timestep sizes. Accuracy is assessed through

the 𝐿1 and 𝐿2 norms measuring the difference from the analytic solution.

A comparison of the 𝐿1 and 𝐿2 errors in Table 3 of the generalized characteristic wave velocity

criterion with the saturation profiles in Figure 4 reveals that the increase in errors aligns with the

onset of oscillations for 𝐶stab > 1.4. Both characteristic wave velocity criteria maintain stability up to

𝐶stab = 1.4, whereas the Coats criterion remains stable up to 𝐶stab = 1.5. The two characteristic wave

velocity criteria behave similarly on this example. The absence of capillary effects likely results in

relatively small saturation derivatives of velocities 𝑢 and 𝑢𝐷, making these two criteria similar.

At 𝐶stab = 1.0, the Coats criterion requires approximately 19% less time iterations than the general-

ized characteristic wave velocity criterion. When comparing each criterion at its maximum stable

value of 𝐶stab , the difference in total iterations isminimal. However, identifying this precise stability

constant for which a timestep criterion is barely stable is usually impractical for larger and more

complex applications. Moreover, such stability constants are typically chosen with some ”safety

distance”.
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Table 3: These tables list the errors in the 𝐿1 norm, the errors in the 𝐿2 norm,
the total number of time iterations, and the arithmetic mean of all timestep
sizes for simulations of the Buckley-Leverett problem. The first table uses the
Coats criterion, the second table uses the characteristicwave velocity criterion,
and the last table uses the generalized characteristic wave velocity criterion.
In each case, a range of values for the stability constant 𝐶stab is tested. All
simulations were performed with 𝜏max = 0.3, an initial timestep size of 1 ⋅ 10−2𝑠,
and a voxel size of 10−3𝑚.

Coats Criterion
𝐶stab 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7

𝐿1 Error in [10
−3] 1.33 1.01 1.03 1.01 0.78 0.78 673 646

𝐿2 Error in [10
−2] 1.97 1.80 1.87 1.97 1.53 1.43 69.1 67.2

Total Iter. Nb. 4076 3389 3179 2900 2424 2396 82 128

Average Δ𝑡 in [𝑠] 0.37 0.44 0.47 0.52 0.62 0.63 18.32 11.96

Characteristic Wave Velocity Criterion
𝐶stab 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7

𝐿1 Error in [10
−3] 1.28 1.23 1.17 1.07 0.80 12.3 22.4 35.4

𝐿2 Error in [10
−2] 1.99 1.97 1.99 2.03 1.67 6.24 8.58 10.9

Total Iter. Nb. 3414 3105 2847 2628 2466 2186 2015 1873

Average Δ𝑡 in [𝑠] 0.44 0.48 0.53 0.57 0.61 0.69 0.75 0.80

Generalized Characteristic Wave Velocity Criterion
𝐶stab 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7

𝐿1 Error in [10
−3] 1.28 1.23 1.17 1.06 0.83 12.3 22.4 35.4

𝐿2 Error in [10
−2] 1.99 1.97 1.99 2.03 1.64 6.24 8.58 10.9

Total Iter. Nb. 3422 3114 2855 2635 2476 2214 2063 1948

Average Δ𝑡 in [𝑠] 0.44 0.48 0.53 0.57 0.61 0.68 0.73 0.77

In summary, the introduced solver accurately captures the pressure drop dominated flow of

the Buckley-Leverett problem. Additionally, the Coats criterion needs approximately 19% more

time iterations than the newly proposed timestep criterion, while maintaining a similar accuracy.

Moreover, it needs a similar number of time iterations as the characteristic wave velocity criterion.

Using the same hardware and number of threads, the simulation with the generalized characteris-

tic wave velocity criterion and𝐶stab = 1 takes 193.87𝑠, whereas the simulationwith the Coats criterion

takes 229.57𝑠. Thus, the generalized characteristic wave velocity criterion requires approximately

16% less runtime than the Coats criterion. This demonstrates that the generalized characteristic

wave velocity criterion is not significantly more computationally complex than the Coats criterion.

3.3. Capillary Gravity Equalization
In this section, we assess the IMPES solver using an example where flow is driven by capillary

pressure and gravity. This example was also used by Horgue et al. (20) to test a numerical solver.

The geometry is two-dimensional, measuring 0.1𝑚 in width and 1𝑚 in height, and filled with

a homogeneous porous medium. On the bottom, right, and left boundaries, we impose wall

boundary conditions. At the top boundary, Dirichlet conditions are applied for both pressure and

saturation, with pressure fixed at 105𝑃𝑎 (atmospheric pressure) and saturation set to 10−6. Initially,

the saturation is 0.5 in the lower half and 10−6 in the upper half of the geometry. The gravity is

directed in the negative height direction.

The simulations employ the physical parameters listed in Table 4 and simplified Brooks-Corey

relative permeabilities with 𝑚𝑤,𝐵𝐶 =𝑚𝑛,𝐵𝐶 = 2. The non-wetting phase is air and the wetting

phase corresponds to a light polymer resin. We consider two simulation cases. The first uses a
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Table 4: Both fluid phases are assumed to be incompressible. 𝜙 is
the porosity and 𝐾0 the absolute permeability of the porous material.
𝜇𝑤 and 𝜇𝑛 are the viscosities, and 𝜌𝑤 and 𝜌𝑛 are the densities, of the
wetting and the non-wetting phase, respectively.

𝜙 𝐾0 𝜇𝑤 𝜇𝑛 𝜌𝑤 𝜌𝑛

0.5 1 ⋅ 10−11𝑚2 6.72 ⋅ 10−2𝑃𝑎𝑠 1.76 ⋅ 10−5𝑃𝑎𝑠 920
𝑘𝑔

𝑚3
1.22

𝑘𝑔

𝑚3

Van Genuchten capillary pressure function with parameters 𝑝𝑉𝐺𝑒 = 100𝑃𝑎 and 𝑚𝑉𝐺 = 0.5, while the

second uses a Brooks-Corey capillary pressure function with 𝑝𝐵𝐶
𝑒 = 1000𝑃𝑎 and 𝑚𝐵𝐶 = 2.

Figure 6: This image depicts the stationary wetting-phase (WP) saturation fields from the numerical
solutions. "Van Genuchten" refers to the use of the Van Genuchten capillary pressure function with
parameters 𝑝𝑉𝐺𝑒 = 100𝑃𝑎 and 𝑚𝑉𝐺 = 0.5, while "Brooks-Corey" indicates the Brooks-Corey capillary pres-
sure function with 𝑝𝐵𝐶

𝑒 = 1000𝑃𝑎 and 𝑚𝐵𝐶 = 2. The grid used for the simulations consists of 10 × 1000

voxels.

We simulate the setup for 2 ⋅ 106𝑠. By this time, the system is nearly in its stationary state. In the

stationary state, it is

𝑢𝑤 = 𝑢𝑛 = 0. (53)

We use Equation 53 together with Equation 2 in the height direction, which we denote by ℎ in the

following formulas. This yields

𝜕𝑝𝑛
𝜕ℎ

= 𝜌𝑛𝑔, (54)

𝜕𝑝𝑤
𝜕ℎ

= 𝜌𝑤𝑔 ⇔
𝜕𝑝𝑐
𝜕ℎ

=
𝜕𝑝𝑛
𝜕ℎ

− 𝜌𝑤𝑔 (55)
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(a) Van Genuchten capillary pressure function (b) Brooks-Corey capillary pressure function

Figure 7: These images show the derivatives of the wetting phase (WP) saturations with respect to the
height plotted against the wetting phase saturation. The numerical derivatives are computed from the
saturation values obtained in the simulations, as shown in Figure 6. The analytic derivatives are cal-
culated by evaluating the right-hand side of Equation 56. The left image (a) uses the Van Genuchten
capillary pressure model, while the right (b) uses the Brooks-Corey model. The grid consists of 10 × 1000

voxels.

Figure 8: These two images illustrate the deviation of the numerically computed derivative of the wetting
phase saturation with respect to height from the analytic formula given in Equation 56 for various voxel
sizes. The derivatives for a voxel size of 10−3𝑚 are shown in Figure 7. The error is measured with the 𝐿1
norm in the left image and the 𝐿2 norm in the right image. The Van Genuchten capillary pressure model
was used. Numerical errors are represented by black dots, while the red lines correspond to linear least-
square regression lines, estimating the order of convergence. The approach to fit these linear regression
lines from the error values is the same as in Figure 5. The calculated orders of convergence are 1.35

for the 𝐿1 error and 3.20 for the 𝐿2 error. It should be noted that these are the orders of convergence
of the numerically calculated derivative of the saturation with respect to the height and not directly the
convergence order of the numerical solution.

Inserting Equation 54 into Equation 55 and using the chain rule leads to

𝜕𝑆𝑤
𝜕ℎ

=
(𝜌𝑛 − 𝜌𝑤) 𝑔

𝜕𝑝𝑐

𝜕𝑆𝑤

. (56)

By evaluating the right-hand side of Equation 56 at chosen saturation values, the derivative of the

saturation field in the height direction can be calculated analytically. The stationary states of the

numerical solutions are validated by computing this derivative numerically and comparing it to the

analytic result.
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Table 5: These tables list the errors in the 𝐿1 norm, the errors in the 𝐿2 norm, the total
number of time iterations, and the arithmetic mean of all timestep sizes for simula-
tions of the capillary gravity equalization problem. The 𝐿1 and 𝐿2 errors are determined
by the subtraction of the analytic and numerical derivatives of the wetting phase sat-
uration with respect to height in the stationary state. The first table uses the Coats
criterion, the second table uses the characteristic wave velocity criterion, and the last
table uses the generalized characteristic wave velocity criterion. In each case, a range
of values for the stability constant 𝐶stab is tested. All simulations were performedwith
𝜏max = 0.3, an initial timestep size of 1 ⋅ 10−3𝑠 and a grid consisting of 10 × 1000 voxels.

Coats Criterion
𝐶stab 0.7 0.8 0.9 1.0 1.25 1.5 2 3.0 3.5

𝐿1 Error in [10
−2] 5.68 5.67 5.66 5.65 5.63 5.60 5.55 5.69 15.0

𝐿2 Error in [10
−2] 0.77 0.77 0.76 0.76 0.76 0.76 0.75 0.77 4.44

Total Iter. Nb. in [105] 10.86 9.51 8.46 7.61 6.14 5.69 5.13 2.55 2.59

Average Δ𝑡 in [𝑠] 1.84 2.10 2.37 2.63 3.26 3.51 3.90 7.84 7.72

Characteristic Wave Velocity Criterion
𝐶stab 0.7 0.8 0.9 1.0 1.25 1.5 2 3.0 3.5

𝐿1 Error in [10
−2] 7.79 9.52 10.5 18.5 23.8 27.4 72.0 22.3 172

𝐿2 Error in [10
−2] 1.38 1.86 1.86 5.13 8.06 9.57 61.9 8.60 930

Total Iter. Nb. in [105] 2.40 2.81 3.41 3.53 3.37 3.29 3.43 3.75 3.90

Average Δ𝑡 in [𝑠] 8.33 7.11 5.86 5.66 5.93 6.08 5.84 5.33 5.12

Generalized Characteristic Wave Velocity Criterion
𝐶stab 0.7 0.8 0.9 1.0 1.25 1.5 2 3.0 3.5

𝐿1 Error in [10
−2] 5.49 5.81 6.95 6.72 7.94 11.4 24.9 73.3 50.1

𝐿2 Error in [10
−2] 0.83 1.00 1.33 1.23 1.44 2.10 8.58 65.8 29.6

Total Iter. Nb. in [105] 1.98 2.16 2.31 2.46 2.64 2.70 3.08 3.42 3.36

Average Δ𝑡 in [𝑠] 10.12 9.27 8.66 8.12 7.59 7.40 6.50 5.85 5.95

Figure 6 displays the stationary saturation fields of the numerical solutions for both cases, and

Figure 7 presents the saturation derivatives with respect to height, calculated numerically and

analytically. This comparison illustrates a strong agreement between the numerical and analytic

stationary states in both cases.

In the Brooks-Corey scenario, the numerical derivative differs from the analytic one for saturation

values close to one. This difference arises from the nearly constant saturation region near height

zero and the sharp edge at its end in the numerical solution. Within this region, the saturation

shows a small gradient up to to the sharp edge, which causes the small derivative values for sat-

uration values close to one. This effect is not present in the analytic solution. These deviations

might decrease for extended simulation times, as the numerical solutions slowly approach their

stationary state.

Figure 8 illustrates the deviation of the numerical saturation derivative from the analytic derivative

for various voxel sizes, using the Van Genuchten capillary pressure model. We estimate conver-

gence orders of 1.35 for the 𝐿1 error and 3.20 for the 𝐿2 error. Note that these convergence orders

refer to the saturation derivative with respect to height rather than the numerical solution itself.

We similarly compare the timestep criteria as in the Buckley-Leverett section. The error and

timestep statistics of these simulations are provided in Table 5 to evaluate the accuracy and compu-

tational cost. Unlike the Buckley-Leverett example, here the 𝐿1 and 𝐿2 errors are computed based

on the difference between the numerical and analytic derivatives of the wetting phase saturation

with respect to height in the stationary state.
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The generalized characteristic wave velocity criterion has notably lower errors and fewer time

iterations compared to the characteristic wave velocity criterion.

When comparing the Coats criterion to the generalized characteristic wave velocity criterion, the

Coats criterion yields slightly smaller errors but requires substantially more time iterations. For

instance, at 𝐶stab = 1, the 𝐿1 error of the Coats criterion is approximately 16% lower but demands

over 3 times the number of time iterations. Lowering 𝐶stab to 0.7 or 0.8 produces similar errors for

both criteria. Increasing the stability constant of the Coats criterion, for example to 𝐶stab = 3, can

bring its time iteration count close to that of the generalized characteristic wave velocity criterion

at 𝐶stab = 1. But again this requires prior knowledge of the appropriate stability constant, which is

rarely available in practical applications.

In conclusion, the solver accurately reproduces the known stationary state of the flow that is driven

by gravity and capillary forces. Furthermore, the generalized characteristic velocity criterion effec-

tively limits the timestep size in this example, requiring significantly fewer time iterations than the

other timestep criteria, while having a good agreement with the analytic stationary state.

Comparing runtimes again, the generalized characteristic wave velocity criterion with 𝐶stab = 1

takes 12, 284𝑠, while the Coats criterion takes 32, 231𝑠. Thus, the runtime of the Coats criterion

is approximately 2.6 times longer than that of the generalized characteristic wave velocity crite-

rion. This is slightly less than three times as many time iterations, but still represents a significant

improvement.

3.4. Compression of Gas
In this section, we use the two-dimensional geometry shown in Figure 9, measuring 1𝑚 in width

and 0.1𝑚 in length. The left boundary is an inlet boundary and the other three boundaries are

wall boundaries. Initially, the geometry is filled with air at atmospheric pressure, i.e., 105𝑃𝑎.

Capillary pressure and gravity are not considered in this example. At the inlet, various pressure

values 𝑝𝐼 are prescribed as Dirichlet boundary conditions, all greater than 105𝑃𝑎. As a result,

the wetting phase enters the porous medium by compressing the air inside. Without capillary

pressure and gravity effects, the wetting phase does not spread through the porous medium.

Consequently, the gas compression continues until its internal pressurematches the inlet pressure.

Figure 9: This two-dimensional geometry measures 1 × 0.1𝑚. The boundary on the left is an inlet. All
other boundaries are walls, meaning no flow can pass through them.

Table 6: The ideal gas law, Equation 7, is used tomodel the compressibility

of the non-wetting phase. 𝑅𝑛 denotes the gas constant and 𝜌
𝑟𝑒𝑓
𝑛 the ref-

erence density of the non-wetting phase at reference pressure 𝑝
𝑟𝑒𝑓
𝑛 . The

wetting phase is assumed to be incompressible. 𝜙 is the porosity and
𝐾0 the absolute permeability of the porous material. 𝜇𝑤 and 𝜇𝑛 are the
viscosities of the wetting and the non-wetting phase, respectively.

𝜙 𝐾0 𝜇𝑤 𝜇𝑛 𝜌
𝑟𝑒𝑓
𝑛 𝑝

𝑟𝑒𝑓
𝑛 𝑅𝑛

0.6 4 ⋅ 10−12𝑚2 1 ⋅ 10−4𝑃𝑎𝑠 1.76 ⋅ 10−5𝑃𝑎𝑠 1.22
𝑘𝑔

𝑚3
105𝑃𝑎 105𝑃𝑎

In this example, the physical parameters listed in Table 6 are used, and the ideal gas law, Equation

7, is applied tomodel the compressibility of air. Simplified Brooks-Corey relative permeabilities with
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𝑚𝑤,𝐵𝐶 =𝑚𝑛,𝐵𝐶 = 4 are employed and all simulations in this section utilize a grid of the size 1000 × 10

voxels.

The area occupied by the wetting phase in the stationary state can be determined by calculating

the compression of the non-wetting phase at the inlet pressure 𝑝𝐼. For this, we divide the non-

wetting phase density at the initial pressure by the non-wetting phase density at the inlet pressure

𝑝𝐼, resulting in

𝜌𝑛(10
5𝑃𝑎)

𝜌𝑛(𝑝𝐼)

Eq. 7
=

𝜌
𝑟𝑒𝑓
𝑛

𝜌
𝑟𝑒𝑓
𝑛 +

1

𝑅𝑛
(𝑝𝐼 − 105𝑃𝑎) 𝜌

𝑟𝑒𝑓
𝑛

=
1

1 +
𝑝𝐼−105𝑃𝑎

𝑅𝑛

Table 6
=

105𝑃𝑎

𝑝𝐼
(57)

For example, when 𝑝𝐼 = 2 ⋅ 105𝑃𝑎, the ratio from Equation 57 equals 0.5, meaning the non-wetting

phase compresses to half of its original area, allowing the wetting phase to fill the remaining half

of the geometry.

Figure 10: This image displays the wetting phase saturation field from the numerical solution with an
inlet pressure of 2 ⋅ 105𝑃𝑎 after 2500𝑠. At this time, the solution has reached the stationary state. The
simulation uses𝑚𝐼 = 5.

Figure 10 shows the saturation field of the numerical solution in the stationary state with an inlet

pressure of 2 ⋅ 105𝑃𝑎. According to Equation 57, the wetting phase is expected to occupy half of

the geometry, which closely matches the numerical result.

Figure 11: This image compares the numerically and analytically determined areas occupied by the wet-
ting phase (WP) in the stationary state for various inlet pressures 𝑝𝐼. The simulations are performed with
𝑚𝐼 = 5.

In Figure 11, the stationary wetting-phase areas obtained from the numerical solutions for various

inlet pressures 𝑝𝐼 are compared with the analytical predictions, showing good agreement between

them.
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Table 7: This table shows the relative errors in the non-wetting phase mass for different numbers
of IMplicit Pressure Explicit Saturation (IMPES) iterations 𝑚𝐼 and two discretizations. The "Total

Mobility" approach employs𝑀𝐾0

𝐻,𝑓𝑖𝑗
in the discrete total velocity 𝑢, whereas the "Phase Mobility"

approach uses𝑀𝑤𝐾0

𝐻,𝑓𝑖𝑗
+𝑀𝑛𝐾0

𝐻,𝑓𝑖𝑗
. Both discretizations were discussed in Section 2.3.3.

𝑚𝐼 = 1 𝑚𝐼 = 2 𝑚𝐼 = 3 𝑚𝐼 = 4 𝑚𝐼 = 5 𝑚𝐼 = 6 𝑚𝐼 = 7

Total
Mob. 1.36 ⋅ 10−3 1.04 ⋅ 10−2 1.22 ⋅ 10−4 1.26 ⋅ 10−3 3.43 ⋅ 10−5 4.62 ⋅ 10−4 7.65 ⋅ 10−5

Phase
Mob. 1.57 ⋅ 10−3 4.00 ⋅ 10−2 8.43 ⋅ 10−4 1.30 ⋅ 10−3 5.24 ⋅ 10−4 1.43 ⋅ 10−3 3.48 ⋅ 10−4

The non-wetting phasemass should remain constant over time since it is trappedwithin the geom-

etry. However, numerical errors cause variations in the non-wetting phase mass. Table 7 lists the

relative deviations of the non-wetting phasemass from its initial value for𝑚𝐼 = 1 to𝑚𝐼 = 7, where𝑚𝐼

is the number of IMPES iterations. The table also compares the non-wetting phase mass errors for

two discretizations of the total velocity 𝑢. Both discretizations are explained in Section 2.3.3. In this

section, relative deviations are computed by evaluating the non-wetting phase mass at 101 equally

distributed timesteps between 0 and 2500𝑠. This non-wetting phase mass is then subtracted by the

initial non-wetting phase mass, and divided by the initial non-wetting phase mass. The maximum

deviation among these times is reported as the overall deviation of the simulation.

Table 7 shows a superior mass conservation of the ”Total Mobility” discretization, which is why we

generally use this discretization in the IMPES solver.

Furthermore, Table 7 reveals that increasing the number of IMPES iterations generally decreases

the error in non-wetting phase mass conservation up to 𝑚𝐼 = 5. Beyond this, the error does not

decrease further or may even increase. The iterative method also performs better for odd values

of 𝑚𝐼. The errors for even values still decrease with increasing 𝑚𝐼, but the errors are larger than

those of the preceding odd value of 𝑚𝐼. We do not have a definitive explanation for this behavior.

It is possible that the solution oscillates around the correct total mass value with each IMPES

iteration, and that the overshoots at even values of 𝑚𝐼 are larger than those at odd values.

Table 8 compares the three timestep criteria. It presents the total number of time iterations, aver-

age timestep size, and, for this example, the relative deviation of the non-wetting phase mass for

various values of the stability constant 𝐶stab.

For this example, the characteristic wave velocity criterion and the generalized characteristic wave

velocity criterion again lead to similar results. At 𝐶stab = 1, the Coats criterion results in a relative

error of the non-wetting phase mass that is about 17.7 times larger than that of the general-

ized characteristic wave velocity criterion, while requiring only about 8.8% fewer time iterations.

Although the Coats criterion can achieve similarly low errors at smaller stability constants, the total

number of iterations then exceeds that of the generalized characteristic wave velocity criterion at

𝐶stab = 1.

This demonstrates that the solver and the newly proposed timestep criterion are applicable to com-

pressible fluid phases. For compressible phases, using 𝑚𝐼 = 5 is recommended to reduce errors in

the non-wetting phase mass. The new timestep criterion using 𝐶stab = 1 also results in significantly

lower non-wetting phase mass errors compared to the Coats criterion.

3.5. Discontinuity of Material Parameters
In this section, the solver is tested on an example featuring discontinuous material parameters.

The geometry depicted in Figure 12 is used, with different material parameters assigned to the

two porous media. Wall boundary conditions are applied on all outer boundaries, preventing any
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Table 8: These tables list the relative error in the mass of the non-wetting phase (NWP),
the total number of time iterations (Iter. Nb.), and the arithmetic mean of all timestep sizes
(AverageΔ𝑡) for simulations of the gas compression example. The first table uses theCoats
criterion, the second table uses the characteristic wave velocity criterion, and the last table
uses the generalized characteristic wave velocity criterion. In each case, a range of values
for the stability constant 𝐶stab is tested. All simulations were performed with 𝜏max = 0.3, an
initial timestep size of 1 ⋅ 10−4𝑠, and a grid consisting of 1000 × 10 voxels.

Coats Criterion
𝐶stab 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Rel. Error NWP Mass in [10−4] 1.18 3.38 32.9 362 1247 542 475 708

Total Iter. Nb. 5850 5354 4334 3333 3795 3182 3405 3317

Average Δ𝑡 in [𝑠] 0.43 0.47 0.58 0.75 0.66 0.79 0.73 0.75

Characteristic Wave Velocity Criterion
𝐶stab 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Rel. Error NWP Mass in [10−4] 0.99 0.75 1.90 3.27 4.72 5.99 4.32 37.1

Total Iter. Nb. 5419 5045 4748 4506 4306 4138 3997 3879

Average Δ𝑡 in [𝑠] 0.46 0.50 0.53 0.55 0.58 0.60 0.63 0.64

Generalized Characteristic Wave Velocity Criterion
𝐶stab 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Rel. Error NWP Mass in [10−4] 1.02 0.71 1.86 3.20 4.71 5.86 4.42 36.6

Total Iter. Nb. 5420 5046 4749 4507 4307 4140 3997 3879

Average Δ𝑡 in [𝑠] 0.46 0.50 0.53 0.55 0.58 0.60 0.63 0.64

fluid from entering or leaving the geometry. The gravity is neglected, and the fluid phases are

assumed to be incompressible.

Figure 12: The geometry consists of two adjacent porousmedia, resulting in discontinuities in two-phase
flow material parameters across the interface.

Table 9: This table summarizes the fluid and porous media parameters
used in the experiments of Section 3.5. The subscripts 1 and 2 denote
material parameters corresponding to material 1 and material 2, respec-
tively. Both fluid phases are assumed to be incompressible. 𝜙𝑑 are the
porosities and𝐾0,𝑑 are the absolute permeabilities of the porousmaterials
𝑑 = 1, 2. 𝜇𝑤 and 𝜇𝑛 are the viscosities of the wetting and the non-wetting
phase, respectively.

𝜙1 𝜙2 𝐾0,1 𝐾0,2 𝜇𝑤 𝜇𝑛
0.42 0.5 5.5 ⋅ 10−11𝑚2 5.8 ⋅ 10−11𝑚2 6.72 ⋅ 10−2𝑃𝑎𝑠 1.76 ⋅ 10−5𝑃𝑎

The parameters listed in Table 9 are used. The non-wetting phase is air and the wetting phase

corresponds to a light polymer resin. For porous material 1, the simplified Brooks-Corey relative

permeability functionswith𝑚𝑤,𝐵𝐶
1 =𝑚

𝑛,𝐵𝐶
1 = 4 and a VanGenuchten capillary pressure functionwith

𝑝𝑉𝐺𝑒,1 = 17.7𝑘𝑃𝑎 and 𝑚𝑉𝐺
1 = 0.74 are used. For porous material 2, the simplified Brooks-Corey relative

permeability functionswith𝑚𝑤,𝐵𝐶
2 =𝑚

𝑛,𝐵𝐶
2 = 3 and a VanGenuchten capillary pressure functionwith

𝑝𝑉𝐺𝑒,2 = 12𝑘𝑃𝑎 and𝑚𝑉𝐺
2 = 0.64 are used. Initial saturations are set to 0.1 inmaterial 1 and 0.9 inmaterial

2. Both capillary pressure functions and initial states are shown in Figure 13.
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Figure 13: This image depicts the capillary pressure functions for the porous media in the geometry
shown in Figure 12. The solid blue line corresponds to the capillary pressure (pc) function of material
1, while the solid orange line represents that of material 2. Green stars indicate the initial saturation
states for both materials, and red circles mark the stationary states. In the stationary state, the capillary
pressures in both porous materials are equal.

Figure 14: The right image displays the saturation profile along the width direction. The blue line corre-
sponds to the initial state, while the orange line shows the state of the numerical solution (Num. Sol.)
after 3000𝑠 of simulation. The analytically calculated saturations in the stationary state (Analytic Stat.
State) are marked by red stars. The left image presents the capillary pressures at the same times. The
simulation uses a grid of 1000 × 10 voxels.

With this setup, the capillary pressure is initially discontinuous at the interface. Since there are

no external influences on the flow, the capillary pressure becomes uniform across the interface

in the stationary state. Because the two materials have different capillary pressure functions,

equal capillary pressure at the interface results in a saturation jump. The stationary saturations
̂𝑆𝑤,1, ̂𝑆𝑤,2 ∈ [0, 1] in materials 1 and 2 are characterized by

𝑝𝑐,1( ̂𝑆𝑤,1) = 𝑝𝑐,2( ̂𝑆𝑤,2) (58)

𝜙1 ̂𝑆𝑤,1 +𝜙2 ̂𝑆𝑤,2 =𝜙1 ⋅ 0.1 + 𝜙2 ⋅ 0.9 (59)

Equation 58 ensures that the stationary state is reached, as the capillary pressure is homogeneous

across the interface, while Equation 59 enforces mass conservation. It requires the phase satu-

rations to remain constant due to the wall boundary conditions and the incompressibility of the

fluid phases. Solving the system of Equation 58 and Equation 59 yields stationary saturations of

approximately ̂𝑆𝑤,1 ≈ 0.54 and ̂𝑆𝑤,2 ≈ 0.37. These values are shown in Figure 13 together with the

InterPore Journal, Vol. 3, Issue 3, 2026 https://doi.org/10.69631/4cawkg52

https://doi.org/10.69631/4cawkg52


Burr et al. Page 27 of 31

capillary pressure functions of both porous materials. Figure 14 displays the saturation and capil-

lary pressure fields from the simulation after 3000𝑠, showing strong agreement with the analytically

determined stationary state.

This example illustrates that the solver effectively handles discontinuous material parameters.

4. SUMMARY AND CONCLUSIONS

A numerical method to simulate the two-phase Darcy equations was introduced. The method is

an IMPES method with a finite volume discretization and a newly presented timestep criterion.

The solver can reliably simulate pressure drop and capillary dominated flows. This is validated

using the Buckley-Leverett problem and an equalization problem of capillary pressure and gravity

forces with a known stationary state. Moreover, the solver can simulate flows with compressible

fluid phases and flows with discontinuous material parameters. Both are demonstrated using

examples with known stationary states. As the solver decouples the pressure and saturation equa-

tions, the mass conservation of the non-wetting phase is critical. We showed that the error in the

conservation of the non-wetting phase mass is low and it can be further reduced by using multiple

IMPES iterations per timestep. The results indicate that increasing the number of IMPES iterations

is effective up to five, and that odd numbers yield better accuracy than even numbers.

The new timestep criterion extends the one used by Lamine and Edwards (25) to include flows with

capillary effects. The proposed timestep criterion uses numerical approximations of the derivatives

of 𝑢 and 𝑢𝐷 with respect to the saturation to appropriately restrict the timestep in all flow scenar-

ios. With this timestep criterion, all presented examples were efficiently and accurately simulated

using 𝐶stab = 1, regardless of what the dominant flow effects are. The comparisons with the Coats

criterion showed that the presented timestep criterion achieves similar accuracy with fewer time

iterations. Specifically, for the Buckley-Leverett example, the Coats criterion required about 19%

more iterations, while for the capillary pressure gravity equalization example, it needed over three

times as many. In both examples, comparisons of runtimes on the same hardware led to similar

reductions to those observed in the required number of time iterations. This demonstrates that

the generalized characteristic wave velocity criterion is not significantly more complex to compute

than the Coats criterion.

In the case of compressible fluid phases, the new criterion produced significantly smaller errors

in the non-wetting phase mass conservation compared to the Coats criterion. Overall, the pro-

posed timestep criterion reliably limits the timestep sizes for the IMPES solver across various flow

scenarios and proves to be more efficient than the Coats criterion in the tested examples.

Notation

𝜙 porosity

𝜌𝑑 density of phase 𝑑 ∈ {𝑤, 𝑛}

𝑆𝑑 saturation of phase 𝑑 ∈ {𝑤, 𝑛}

𝑢𝑑 velocity of phase 𝑑 ∈ {𝑤, 𝑛}

𝑝𝑑 pressure of phase 𝑑 ∈ {𝑤, 𝑛}

𝑝𝑐 capillary pressure function

𝜇𝑑 viscosity of phase 𝑑 ∈ {𝑤, 𝑛}

𝑘𝑟𝑑 relative permeability of phase 𝑑 ∈ {𝑤, 𝑛}

𝐾0 absolute permeability

𝑔 gravity

𝑀𝑑 =
𝑘𝑟𝑑

𝜇𝑑
mobility of phase 𝑑 ∈ {𝑤, 𝑛}
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𝑀 =𝑀𝑤 +𝑀𝑛 total mobility

𝑅𝑑 gas constant of phase 𝑑 ∈ {𝑤, 𝑛}

𝜌
𝑟𝑒𝑓
𝑑 , 𝑝

𝑟𝑒𝑓
𝑑 reference density and pressure of phase 𝑑 ∈ {𝑤, 𝑛}

𝑢 = 𝑢𝑤 + 𝑢𝑛 total velocity

𝑓𝑑 =
𝑀𝑑

𝑀
fractional mobility of phase 𝑑 ∈ {𝑤, 𝑛}

𝑢𝐷 velocity defined by Equation 13

𝛾 =
𝑀𝑤𝑀𝑛

𝑀
coefficient function

̄𝑆𝑑 effective saturation of phase 𝑑 ∈ {𝑤, 𝑛}

𝑆𝑑,𝑟 residual saturation of phase 𝑑 ∈ {𝑤, 𝑛}

𝑝𝑉𝐺𝑐 Van Genuchten capillary pressure function

𝑝𝑉𝐺𝑒 , 𝑚𝑉𝐺 parameters of Van Genuchten capillary pressure function

𝑝𝐵𝐶
𝑐 Brooks-Corey capillary pressure function

𝑝𝐵𝐶
𝑒 , 𝑚𝐵𝐶 parameters of Brooks-Corey capillary pressure function

𝑘𝐵𝐶𝑟𝑑 Brooks-Corey relative permeability of phase 𝑑 ∈ {𝑤, 𝑛}

𝑚𝑤,𝐵𝐶, 𝑚𝑛,𝐵𝐶 parameters of Brooks-Corey relative permeabilities

𝐶𝑖 cell in the voxel grid

𝑥𝐶𝑖 center of cell 𝐶𝑖
𝑓𝑖𝑗 shared face of cells 𝐶𝑖 and 𝐶𝑗

𝑛𝑖𝑗 normal of face 𝑓𝑖𝑗
𝑥𝑓𝑖𝑗 center of face 𝑓𝑖𝑗

Δ𝑥𝑖𝑗 distance of centers 𝑥𝐶𝑖 and 𝑥𝐶𝑗
𝑛𝐷 ∈ {2, 3} dimension of the voxel grid

Δ𝑥𝑖,𝑑 size of cell 𝐶𝑖 in dimension 𝑑 = 1, ..., 𝑛𝐷

|𝐶𝑖| area (𝑛𝐷 = 2) or volume (𝑛𝐷 = 3) of cell 𝐶𝑖
𝑒𝑑 canonical unit vector in dimension 𝑑 = 1, ..., 𝑛𝐷

𝕍 set of all cells of the voxel grid

𝐹𝐶𝑖 set of all faces of 𝐶𝑖
𝐹𝑑𝐶𝑖 set of all faces of 𝐶𝑖 orthogonal to 𝑒𝑑

|𝑓𝑖𝑗| length (𝑛𝐷 = 2) or area (𝑛𝐷 = 3) of face 𝑓𝑖𝑗
̄𝜓𝐻,𝑓𝑖𝑗 harmonic average of 𝜓 at face 𝑓𝑖𝑗, Eq. 18
̄𝜓𝐴,𝑓𝑖𝑗 arithmetic average of 𝜓 at face 𝑓𝑖𝑗, Eq. 19

𝑚𝐼 number of IMPES iterations

𝜓𝑘𝑖 variable 𝜓 at cell 𝐶𝑖 and timestep 𝑘

𝜓𝑘𝑓𝑖𝑗 variable 𝜓 at face 𝑓𝑖𝑗 and timestep 𝑘

𝐹ᵆ𝑝,𝑘𝑙−1 Eq. 23
̃𝑘𝑙 Eq. 22

𝑓
ᵆ𝑝,𝑘𝑙−1
𝑤,𝑓𝑖𝑗

Eq. 24

̃𝑢
𝑘𝑙−1
𝐷,𝑓𝑖𝑗

Eq. 25

𝑢𝑅 Eq. 27

𝐴
𝑘𝑙
𝑓𝑖𝑗

Eq. 29

𝐵
𝑘𝑙
𝑓𝑖𝑗

Eq. 30

̂𝑢
𝑘𝑙
𝑅,𝑓𝑖𝑗

Eq. 31

̂𝑢
𝑘𝑙
𝐷,𝑓𝑖𝑗

Eq. 32

𝐶stab stability constant

𝜔𝑖𝑗 characteristic wave velocity at face 𝑓𝑖𝑗
𝜔
𝑘,𝑚𝑎𝑥
𝑖𝑗 Eq. 48

𝐼𝑘𝑖𝑗 Eq. 49

Δ𝑡
𝑔𝑐𝑤
𝑘 timestep size of the generalized characteristic wave velocity criterion
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𝜏max maximal relative increase of timestep size in one time iteration

Δmin
𝑠 minimal difference of saturations (spatial) in Eq. 47

Δmin
𝑡 minimal difference of saturations (temporal) in Eq. 47

𝐷
ᵆ,𝑘−1
𝑓𝑖𝑗

Approximation of Eq. 47

𝐷
ᵆ𝐷,𝑘−1
𝑓𝑖𝑗

Approximation of Eq. 47 but with 𝑢𝐷 instead of 𝑢
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