
 

 

Accepted Articles have been peer-reviewed and accepted for publication in InterPore Journal. To make 

research available as early as possible, accepted manuscripts may be published online prior to 

completion of the final production process. These versions have not yet undergone final formatting, 

proofreading, or author corrections and therefore do not represent the Version of Record. Minor 

changes may occur during the final production process. The article will be updated with the final Version 

of Record when it is published in its assigned journal issue. Accepted Articles should be cited using 

their DOI, which will remain the same after publication of the final Version of Record. 

 

Please cite the following article as: 

Hasan, S., Vasheghani Farahani, M., Van Offenwert, S., Bultreys, T., & Niasar, V. (2026). Comparative 

Evaluation of Models for Non-Fickian Transport in Unsaturated Porous Media. InterPore Journal. 

Advance online publication. https://doi.org/10.69631/fx3kjg18 

Received on: 11 Nov. 2025  

Accepted on: 29 Mar. 2026 

Published online (Accepted version): 20 Apr. 2026 

https://doi.org/10.69631/fx3kjg18


Comparative Evaluation of Models for Non-Fickian1

Transport in Unsaturated Porous Media2

Sharul Hasan†,a,b, Mehrdad Vasheghani Farahani†,b, Stefanie Van Offenwertc, Tom3

Bultreysc, Vahid Niasar∗,b4

∗Corresponding author: vahid.niasar@manchester.ac.uk5

†SH and MVF have equally contributed to this article.6

aDepartment of Petroleum Engineering, Faculty of Chemical and Energy Engineering, Universiti7

Teknologi Malaysia, 81310 Johor Bahru, Johor, Malaysia8

bDepartment of Chemical Engineering, University of Manchester, Oxford Road, Manchester, M13 9PL,9

UK10

cPore-scale Processes in Geomaterials Research Group (PProGRess), Department of Geology, Ghent11

University, Krijgslaan 281 S8, 9000 Ghent, Belgium12

Abstract13

Understanding solute transport in unsaturated porous media is essential for a wide14

range of scientific and engineering applications. This study investigates non-Fickian trans-15

port in unsaturated porous media using pore-network modelling to simulate quasi-static16

two-phase flow and tracer transport. The pore-network model was first validated against17

experiments in glass bead packing. Then the validated model was used to simulate trans-18

port in three different hypothetical network structures with three different correlated19

pore-size distributions (characterised by correlation lengths), different Péclet (Pe) num-20

bers, and saturation values. Breakthrough curve (BTC) analysis reveals an expected shift21

from anomalous long-tailed behaviour at low saturation to Fickian transport as saturation22

approaches unity.23

The simulation results were interpreted using three continuum-scale approaches: Mo-24

bile Immobile (MIM), Multirate Mass Transfer (MRMT), Continuous Time Random Walk25

(CTRW), and their predictions were compared against each other and to direct estimations26

(DE) obtained from the pore-network simulations. Estimates of stagnant zone saturation27

from the MIM and MRMT models show strong sensitivity to saturation and flow condi-28

tions, at times yielding unrealistic values. Dispersion coefficients derived from the MIM29

and DE exhibit non-monotonic variation with saturation, consistent with both simulation30

trends and previously reported experimental observations, while the MRMT and CTRW31

models fail to capture this behaviour. The DE analysis demonstrates that mass transfer32

coefficients vary with time, challenging the assumption of constant rates in the MIM and33
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MRMT formulations. The findings underscore limitations of continuum-scale models and34

emphasise the role of two-phase flow distributions, time-dependent mass transfer, and35

saturation-dependent dispersion in accurately predicting transport in unsaturated media.36

1. Introduction37

Fluid flow and mass transfer in porous media are ubiquitous phenomena in a variety38

of natural and engineering systems, such as hydrology, agriculture, chemical engineering,39

biology, and the energy industry (Sahimi, 1993; Lima et al., 2008; Babaei and Joekar-40

Niasar, 2016). Accurate quantification and prediction of the performance of such processes41

require a profound understanding of how a tortuous assembly of interconnected pores42

would affect the transport of a solute by a carrying fluid through them (Souzy et al., 2020;43

Yoon and Kang, 2021). Solute transport by a carrying fluid occurs through advection,44

governed by fluid velocity, and diffusion, driven by concentration gradients and Brownian45

motion of solute molecules. Each mechanism has its own characteristic time scale, and46

their relative importance is characterised by the Péclet number (Pe), which is the ratio47

of advective to diffusive transport.48

Solute transport in saturated (single phase) porous media is complex, primarily due49

to the interaction of the carrying fluid with the spatially variable pore size and hydraulic50

conductivity, resulting in a non-uniform velocity field and solute dispersion, a behaviour51

typically described by a single advection-dispersion equation (Amin et al., 1997; Capuani52

et al., 2003; Fallico, 2012; Erfani et al., 2019; Zhang et al., 2019). Further complexities53

arise in unsaturated (multiphase) and/or heterogeneous porous media, in which, depend-54

ing on the flow conditions, the connectivity of the pore space, and the distribution of the55

carrying phase, preferential flow pathways (mobile zones) provide a substantial contribu-56

tion to the fluid flow and transport through the advection mechanism, whereas stagnant57

regions (immobile zones) may poorly contribute through the diffusion mechanism. These58

complexities lead to multiple characteristic transport timescales, hence anomalous or non-59

Fickian behaviours, such as long tails in the solute breakthrough curve (BTC), nonlinear60

evolution of dispersion and its dependence on the phase saturation topology (Biggar and61

Nielsen, 1960; Bijeljic et al., 2013; Aziz et al., 2018; Ben-Noah et al., 2023).62

The advection-dispersion equation (ADE) is unable to describe non-Fickian transport63

in unsaturated porous media at the continuum scale because it does not incorporate two-64
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phase flow properties, which significantly impact transport characteristics (Karadimitriou65

et al., 2016). Thus, alternative approaches, such as the mobile-immobile model (MIM),66

the multirate mass transfer model (MRMT), and the continuous-time random walk model67

(CTRW), have been adapted, as inverse modelling tools, to characterise non-Fickian dis-68

persive transport in porous media under two-phase conditions (Gao et al., 2009b; Dentz69

et al., 2004). In the MIM and MRMT models, considering non-equilibrium mass transfer70

between mobile and immobile zones enables capturing early solute breakthrough through71

mobile zones and long tails in solute BTCs caused by diffusive mass transfer from im-72

mobile zones to mobile regions (Coats and Smith, 1964; Baker, 1977; van Genuchten and73

Wierenga, 1976; Haggerty and Gorelick, 1995). The average pore velocity, longitudinal74

dispersion coefficient, stagnant saturation, and mass transfer rate(s) are determined by75

fitting the BTC to the transport models (Raoof and Hassanizadeh, 2013; Muniruzzaman76

and Rolle, 2017; Wang et al., 2019; Chen et al., 2019; Zhuang et al., 2021). The MRMT77

model can be viewed as a generalised form of the MIM approach, introducing multiple78

immobile zones, each characterised by different mass transfer rates. This allows MRMT79

to account for different rate coefficients rather than a single value, making it particularly80

suitable for highly heterogeneous systems, such as fractured porous structures, where so-81

lutes experience a wide range of residence behaviours (Tecklenburg et al., 2016). The82

CTRW model has been developed based on the fact that the residence time of a solute83

particle in low-velocity regions is longer than in high-velocity zones and that the veloc-84

ity changes in space only (not in time) on a characteristic length scale (Saffman, 1959;85

Scher and Lax, 1973; Berkowitz et al., 2008). In this model, the solute transport is de-86

scribed through spatiotemporal particle transitions, steps where a particle moves a certain87

distance and pauses for a random residence time, whose time distribution reflects mass88

transfer behaviour (Ben-Noah et al., 2023). The CTRW model does not relate solute89

transport in diffusive-dominated zones to stagnant saturation and mass transfer rate(s);90

instead, it uses a power-law equation to capture the behaviour over time. This is why91

stagnant saturation and mass transfer rates estimated from the CTRW model cannot92

be directly compared against those estimated by the MIM and MRMT models (Bromly93

and Hinz, 2004; Gao et al., 2009b). The CTRW model has been successfully used as94

an inverse model to characterise non-Fickian transport due to heterogeneity (Cortis and95

Birkholzer, 2008; Berkowitz and Scher, 2009; Berkowitz et al., 2009; Gao et al., 2009b)96
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and solute transport under unsaturated conditions (Bromly and Hinz, 2004; Zoia et al.,97

2010; Ben-Noah et al., 2023). While the above models have been extensively used to de-98

scribe non-Fickian transport, their physical consistency still needs to be comprehensively99

evaluated (Hasan et al., 2020).100

Recent experimental and numerical studies have demonstrated that stagnant zone sat-101

uration and mass transfer between mobile and immobile zones can be directly estimated102

by characterising solute transport in low- and high-velocity regions within unsaturated103

porous media (Karadimitriou et al., 2016, 2017; Aziz et al., 2018; Hasan et al., 2019;104

Van Offenwert et al., 2024). This approach, referred to as the Direct Estimation (DE),105

uses a passive tracer as the solute, and its transport is characterised under steady-state106

saturation conditions, meaning that phase saturation values remain constant. Compar-107

isons between DE-derived transport parameters and those obtained from the MIM model108

revealed that the stagnant saturation estimated by the MIM model varies with changes109

in the hydrodynamic conditions (characterised by Pe), even when the saturation topology110

remains unchanged (Hasan et al., 2019). Furthermore, it was shown that the MIM model111

cannot explicitly incorporate two-phase flow properties in describing solute transport, as112

it is a phenomenological model that infers stagnant saturation solely from the BTC shape.113

In this work, we extend the above findings by systematically comparing the performance of114

the MIM, MRMT, and CTRW in predicting solute transport properties under two-phase115

flow conditions, and by evaluating their predictions against those obtained from the DE.116

We use pore-network modelling (PNM), owing to its ability to simulate transport in large117

domains with manageable computational cost, as an upscaling tool to simulate solute118

transport in three-dimensional (3D) unsaturated porous media, thereby obtaining BTCs119

and directly determining stagnant saturation, mass transfer rates, and solute concentra-120

tions in flowing and stagnant regions under different hydrodynamic conditions. This work121

provides new insight into the accuracy, validity, and applicability of the above commonly122

used non-Fickian models for describing solute transport in unsaturated porous media.123

2. The physical framework of continuum-scale two-phase transport models124

In this section, we provide a brief review of the physical framework of the MIM,125

MRMT, and CTRW models, which are extensively used to characterise solute transport126

in unsaturated porous media. Additionally, we review the physical framework of the DE,127
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focusing on the procedures for obtaining stagnant saturation and mass transfer rates.128

2.1. Mobile-immobile model (MIM)129

The MIM model was first developed by van Genuchten and Wierenga (1976) to char-130

acterise chemical transport through an unsaturated porous medium. In this model, the131

pore space is divided into two distinct regions based on pore velocity: (i) flowing (mobile)132

zones and (ii) stagnant (immobile) zones (An et al., 2020a; Saeibehrouzi et al., 2024). The133

full set of equations for non-reactive solute transport in the MIM model can be written134

as:135

∂Cf

∂t
+

(
Ss

S − Ss

)
∂Cs

∂t
= D

∂2Cf

∂x2
− v∂Cf

∂x
(1)

Ssφ
∂Cs

∂t
= γ(Cf − Cs) (2)

where C is concentration, S is saturation of the solute-carrying fluid phase, and the136

subscripts f and s denote its flowing and stagnant portions, respectively (S = Sf + Ss).137

D is the longitudinal dispersion coefficient, v is the average mobile pore velocity, γ is the138

first-order mass transfer coefficient, and φ is porosity. It can be seen that Equation (1)139

extends the classical ADE by incorporating the non-equilibrium mass transfer between140

the flowing and stagnant zones, herein referred to as the source-sink term, and Equation141

(2) accounts for this new term. Several experimental and modelling studies have employed142

the MIM model to describe non-Fickian transport in unsaturated porous media (Maraqa143

et al., 1997; Padilla et al., 1999; Toride et al., 2003; Gao et al., 2009a; Babaei and Islam,144

2018; Su, 2012; Dou et al., 2021). In this work, transport parameters (Ss, D, v, and145

γ) were estimated by inverse modelling using a modified version of the CXTFIT code146

implemented in the STANMOD package (Toride et al., 1995; Van Genuchten et al., 2012).147

In this framework, Equations (1) and (2) are reduced to analytical solutions under the148

prescribed initial and boundary conditions by reformulating the governing equations in149

dimensionless form, following the approach of Toride et al. (1995). These analytical150

solutions serve as the forward model in the inverse problem. Parameter estimation is151

then carried out by minimising the squared difference between the simulated BTCs and152

the model predictions using a non-linear least-squares optimisation algorithm.153

5



2.2. Multirate mass transfer model (MRMT)154

The long tailing of BTC in non-Fickian transport through a non-adsorbing porous155

system can result from the presence of several stagnant zones, each with unique charac-156

teristics and mass transfer rate (Haggerty and Gorelick, 1995, 1998). To account for this,157

Equations (1) and (2) can be extended to include N stagnant zones, each characterised158

by a unique mass transfer coefficient γj:159

∂Cf

∂t
+

N∑
j=1

σj
∂(Cs)j
∂t

= D
∂2Cf

∂x2
− v∂Cf

∂x
(3)

(Ss)jφ
∂(Cs)j
∂t

= γj (Cf − (Cs)j) (4)

in which σj is the capacity coefficient of the stagnant zone j, defined as the ratio of its160

saturation to the flowing saturation (Haggerty and Gorelick, 1995):161

σj =
(Ss)j

S − (Ss)j
. (5)

While the source-sink term is typically expressed as the derivative of stagnant concen-162

tration with respect to time, as shown in Equations (3) and (4), an alternative formulation163

proposed by Haggerty et al. (2000) uses a convolution integral to express the source-sink164

in terms of a memory function, g(t):165

g(t) =

∫ ∞
0

γb(γ)e−γtdγ (6)

and the derivative of flowing concentration with respect to time. In Equation (6), b(γ) is a166

density function of the mass transfer coefficient γ, which can be described by a power-law167

equation:168

b(γ) =

∑N
j=1 σj(k − 2)

γk−2
max − γk−2

min

γk−3 k > 0, k 6= 2, γmin ≤ γ ≤ γmax (7)

where k is an exponent, and γmin and γmax are the minimum and maximum mass transfer169

coefficients, respectively (Haggerty et al., 2000).170

In the MRMT framework, the governing transport equations are reformulated using171

a memory function that represents the superposition of mass transfer processes associ-172

ated with a continuous distribution of stagnant regions. Under the prescribed initial173

and boundary conditions, this formulation yields a semi-analytical solution in which the174
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source–sink term is expressed through a convolution integral involving the memory func-175

tion (Equation (6)). These semi-analytical expressions serve as the forward model for176

inverse analysis. Transport parameters, including the dispersion coefficient D and the177

parameters defining the mass transfer rate distribution (e.g. γmin, γmax, and k), are esti-178

mated by fitting the model predictions to the breakthrough curves using a non-linear least-179

squares optimisation algorithm. In this study, the inverse modelling was performed using180

the STAMMT-L code (Haggerty, 2009), which efficiently evaluates the semi-analytical181

MRMT solution without requiring explicit numerical discretisation of the governing equa-182

tions.183

2.3. Continuous time random walk model (CTRW)184

In the CTRW model, the ADE for solute transport is represented by a Generalised185

Master Equation in the Laplace transformed space of the time variable t, with the Laplace186

variable denoted by u and Laplace transformed quantities by ∼ (Dentz and Berkowitz,187

2003; Cortis and Berkowitz, 2004):188

uc̃(x, u)− c0(x) = −M̃(u)

[
vψ
∂c̃(x, u)

∂x
−Dψ

∂2c̃(x, u)

∂x2

]
(8)

In the above equation, Dψ and vψ are the Laplace transformed dispersion coefficient189

and the pore velocity, respectively, c0(x) is the initial concentration and c̃ is the Laplace190

transformed concentration. M̃(u) is a memory function accounting for the unknown191

heterogeneities at the pore scale, defined as:192

M̃(u) = t̄u
ψ̃(u)

1− ψ̃(u)
(9)

where t̄ is the characteristic time. ψ̃(u) in Equation (9) is the Laplace transform of a193

truncated power-law (TPL) probability distribution function ψ(t), describing each solute194

particle transition with time:195

ψ̃(u) = (1 + τ2ut1)β exp(t1u)Γ(−β, τ−1
2 + t1u)/Γ(−β, τ−1

2 ) (10)

In the above equation, τ2 ≡ t2/t1, β is the exponent determining the nature of the196

dispersion (Fickian at β > 2 and non-Fickian at 0 < β < 2) (Dentz et al., 2004; Cortis197

and Berkowitz, 2004), and Γ is the incomplete Gamma function (Cortis and Berkowitz,198

2004). The parameter t1 is the average time for a solute particle to move from one pore to199
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another (Dentz et al., 2004), and t2 is the cut-off time, separating transport in advective-200

dominated (flowing) zone from that in diffusive-dominated (stagnant) zone (Dentz et al.,201

2004).202

The CTRW governing equation is formulated in the Laplace domain and is transformed203

numerically into the time domain under the prescribed initial and boundary conditions.204

In this study, the time-domain solution was evaluated using the CTRW MATLAB Tool-205

box v4.0 (Cortis et al., 2017), which employs numerical Laplace inversion techniques to206

compute breakthrough curves. Model parameters β, t1, t2, vψ, and Dψ were estimated via207

inverse modelling by fitting the simulated breakthrough curves to the numerical CTRW208

solution. Parameter optimisation was performed using the toolbox’s built-in error minimi-209

sation algorithm, which iteratively adjusts the CTRW parameters to minimise the misfit210

between the predicted and observed BTCs.211

2.4. Direct estimation (DE)212

The direct estimation (DE) approach was first introduced by Karadimitriou et al.213

(2016) and used to characterise non-Fickian solute transport in two-dimensional (2D)214

unsaturated porous media, and expanded to 3D porous media by Hasan et al. (2019) and215

An et al. (2020a). To directly estimate the stagnant saturation in the DE, steady-state216

two-phase saturation conditions must first be established, ensuring that the saturation217

values of the phases remain constant over time. Under these conditions, a tracer is injected218

into one of the fluid phases, typically the aqueous/non-wetting phase. As the tracer moves219

through the porous medium, two distinct zones appear: the flowing zone, dominated by220

advective transport, and the stagnant zone, where transport is predominantly diffusion-221

controlled. This means that, unlike the above models that rely solely on breakthrough222

curve (BTC) fitting, DE requires detailed spatial information about flow and/or transport223

within the domain. Although this makes the approach more data intensive, it also allows224

the underlying pore-scale physics to be explicitly incorporated, leading to more physically225

consistent and reliable estimates of transport parameters (Karadimitriou et al., 2016; An226

et al., 2020b).227

To evaluate transport characteristics, local pore velocities obtained from PNM are228

extracted and their histogram is plotted at different S values, which typically shows229

a bimodal distribution at intermediate saturations (0 � S � 1) with the first peak230

representing the stagnant zone and the second peak representing the flowing zone, and231
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a unimodal distribution when S → 0 or 1 (Aziz et al., 2018; Hasan et al., 2019; An232

et al., 2020a; Velásquez-Parra et al., 2022). The grouped plot of the local pore velocity233

histograms is then analysed to find a threshold velocity that separates the first and second234

peaks. Using this threshold as a guide, a search algorithm is applied to obtain the stagnant235

saturation, which is defined as:236

Ss =

∑
u<v̄ r

2
ijlij∑

r2
ijlij

+

∑
u<v̄ R

3
i∑

R3
i

. (11)

In this equation, v̄ is the threshold velocity, lij is the length of the pore throat connect-237

ing pore bodies i and j, rij and Ri are the radii of pore throats ij and pore bodies i,238

respectively, and u represents the local pore velocity. Hasan et al. (2019) proposed that239

relative permeability-saturation curves bear important information about the stagnant240

saturation and established a scaling between their stagnant saturation and total relative241

permeability. The stagnant saturation can be also directly estimated by using real-time242

visualisation of solute transport, through identifying zones delayed in mixing (stagnant243

zones) and those that have reached the injection solute concentration (flowing zones)244

(Karadimitriou et al., 2016; Jiménez-Martinez et al., 2017; Van Offenwert et al., 2024).245

In this work, we utilised the first approach, in which the histogram of local pore246

velocities is obtained at different saturations to find v̄, followed by using Equation (11)247

to calculate Ss, and Equations (12):248

Cf =

∑
u≥v̄ CiVi∑

Vi
(12)

and (13):249

Cs =

∑
u<v̄ CiVi∑

Vi
(13)

to obtain Cf and Cs, respectively. In Equations (12) and (13), Ci and Vi are the solute250

concentration in and the volume of pore body i and half of its neighbouring pore throats.251

Eventually, Equation (2) is rearranged to determine γ:252

γ(t) =
Ssφ

Cf − Cs

∂Cs

∂t
. (14)

When using DE, we first characterise the stagnant and flowing zones for a given253

saturation. A threshold time, defined as the time when the solute in the flowing zone254
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reaches 0.99, is then identified to separate the solute transport in these two zones. Using255

this time, the portion of the effluent flux-averaged BTCs affected by solute transport in256

the flowing zone, attributed to the Fickian transport (An et al., 2020b), is fitted to the257

analytical solution of the advection-dispersion equation (Ogata and Banks, 1961):258

〈Cf
OB(x, t)〉 =

1

2
Cmax

[
erfc

(
x− vt
2
√
Dt

)
+ exp

(vx
D

)
erfc

(
x+ vt

2
√
Dt

)]
(15)

to obtain D and v.259

At a given saturation S, the presence of stagnant zones can cause breakthrough curves260

to exhibit strong skewness at early and/or late times, which may adversely affect the261

inverse optimisation used to fit the transport models. The quantity 〈Cf (t)〉 is normalised262

by the inlet concentration and therefore varies between 0 and 1. Values of 〈Cf (t)〉 smaller263

than 10−5 and larger than 0.99 were excluded from the fitting procedure solely to improve264

numerical robustness and parameter identifiability, as these extreme early- and late-time265

data points are particularly sensitive to tailing effects and numerical noise.266

The DE is inherently more computationally demanding than continuum-scale inverse267

models, as it requires detailed pore-scale information on velocity fields, saturation dis-268

tributions, and/or transient solute concentrations. In this work, these quantities are269

obtained from pore-network simulations, although equivalent information may also be ac-270

quired experimentally using high-resolution imaging and tracer visualisation techniques271

(Karadimitriou et al., 2016; Jiménez-Martinez et al., 2017; Van Offenwert et al., 2024).272

From a computational perspective, the dominant cost arises from resolving steady-state273

two-phase flow and transient solute transport at the pore scale, followed by post-processing274

steps such as velocity histogram analysis, phase partitioning, and time-dependent mass275

transfer estimation. These requirements currently limit the direct application of DE to276

small domains, typically at the millimetre scale, where pore-scale resolution is feasible.277

Nevertheless, DE is not intended as a replacement for continuum-scale transport mod-278

els in field applications. Rather, it provides a physically grounded benchmark that en-279

ables direct quantification of stagnant saturation, dispersion, and mass transfer dynamics280

based on pore-scale transport mechanisms. Recent advances in pore-scale modelling and281

high-performance computing have demonstrated that pore-resolved simulations can be282

extended to centimetre-scale domains, such as core-scale systems, thereby expanding the283

range of conditions under which DE-derived insights can be obtained (Mahmoodlu et al.,284
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2020).285

3. Methodology286

3.1. Pore-network models287

In this study, we adopted the procedure detailed by Babaei and Joekar-Niasar (2016)288

to generate pore networks. Briefly, the topology of the networks was first created using289

3D Delaunay triangulation, where the vertices represent the positions of pore bodies and290

the edges represent the pore throats. Next, excessively long pore throats were identified291

and removed such that a realistic mean coordination number is generated. Finally, a292

correlation length (λ) field generator was used to specify the sizes of the pore bodies and293

throats. Following the above procedure, three pore networks with dimensions of 15 ×294

15× 15 mm3 and over a million pore bodies were generated: a homogeneous uncorrelated295

network (λ = 0.0 mm) and two heterogeneous correlated (λ = 0.375 mm and 0.75 mm)296

networks. The corresponding absolute permeabilities were 10.50 mD, 15.23 mD, and 16.87297

mD, respectively (An et al., 2020b). The generated networks and their relative frequency298

of the pore body and throat sizes are shown in Figure 1 and their statistical details are299

tabulated in Table 1. It is emphasised that the pore networks have the same topology300

but different spatial distribution of pore bodies and throats.301

Table 1: Statistical details of the pore body and thorat sizes of the generated pore networks.

λ (mm) Pore body statistics Pore throat statistics

Mean (mm) Standard deviation (mm) Mean (mm) Standard deviation (mm)

0 0.0156 8.61×10−3 0.0056 2.45×10−3

0.375 0.0156 8.58×10−3 0.0061 3.24×10−3

0.75 0.0156 8.53×10−3 0.0063 3.45×10−3

3.2. Steady state two-phase flow and solute transport simulation302

We followed the methodology detailed by An et al. (2020a) to simulate solute trans-303

port in a pore network under two-phase flow conditions. The process starts by establish-304

ing steady-state saturation conditions, achieved by displacing the receding fluid (wetting305

phase) with the invading fluid (non-wetting phase). The displacement is governed by306
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Figure 1: Relative frequency of pore body and throat sizes of the generated pore networks and their

respective pore-network topology. The uncorrelated domain (λ = 0.0 mm) has an absolute permeability

of 10.50 mD, while the correlated domains with λ = 0.375 mm and λ = 0.75 mm have permeabilities of

15.23 mD and 16.87 mD, respectively.

the entry capillary pressure, calculated for pore throats using the Young–Laplace equa-307

tion. Different saturation states are obtained by progressively invading the pore network308

according to the entry capillary pressure criterion until a target steady-state saturation309

is reached. Upon establishing the steady-state saturation field throughout the domain,310

solute, dissolved in the invading fluid, is injected from the inlet. We highlight that the311

solute is assumed to be soluble only in the invading fluid; therefore, no inter-phase mass312

transfer is considered during solute transport. Such a configuration is representative of313

situations in which solutes are transported within non-wetting carrier fluids, including314

surfactant or tracer transport in aqueous phases during enhanced oil recovery in oil-wet315

reservoirs (Al-Azani et al., 2022), and organic contaminant transport within non-aqueous316

phase liquids (NAPLs) in subsurface remediation (Leharne, 2019; Mineo, 2023).317

To simulate solute transport, the classical ADE with the Taylor–Aris dispersion cor-318
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rection factor (Bello et al., 1994; Hekmatzadeh et al., 2016; Hasan et al., 2019) is solved319

only for pores occupied by the invading fluid, with Dirichlet boundary conditions being320

applied at the inlet (C|in= 1.0) and zero-gradient boundary conditions imposed at the321

outlet (Ci − C|out= 0.0), to compute temporally evolving local pore concentrations. For322

pore body i, the conservation equation for the concentration can be expressed as follows:323

Vi
∂Ci
∂t

=
∑
qij<0

qijCi +
∑
qij>0

qijCj

+
∑
j∈Ni

πr2
ijDij

(
Cj − Ci
lij

)
, {i, j} ∈ Ωinvading fluid

(16a)

Dij = Dm(1 + κPe2
ij) , κ = 1/192 (16b)

where Ci is the solute concentration in pore body i, Dij is the Taylor–Aris dispersion324

coefficient, Dm represents molecular diffusion, and Ni denotes the coordination number325

of pore body i (the number of pore throats connected to pore body i). The summation326

over j ∈ Ni therefore accounts for diffusive mass exchange between pore body i and327

all its directly connected neighbouring pore bodies through the associated pore throats.328

The local Pe number is defined as Peij = vijrij/Dm with vij being the average pore329

velocity in the pore throat ij. The volumetric flow rate qij between pore bodies i and j330

is obtained by solving the steady-state flow problem on the pore network, restricted to331

regions occupied by the invading phase, prior to the transport simulation. Flow through332

each pore throat is assumed to be laminar, and qij is calculated using a Hagen–Poiseuille-333

based conductance formulation as a function of the pressure difference between connected334

pore bodies (Valvatne and Blunt, 2004):335

qij =
A2
ijGij

2µlij
(Pi − Pj), (17)

336

where Aij is the cross-sectional area of the pore throat, µ is the viscosity of the carrying337

fluid, and Pi and Pj are the pressures in pore bodies i and j, respectively. The shape338

factor Gij accounts for the throat geometry and is determined directly from the extracted339

pore-network geometry as Gij = Vijlij/A
2
s, where Vij is the pore throat volume and As340

is its surface area. These geometric quantities are obtained from image-processing-based341

pore-network extraction methods following the procedure described by Dong and Blunt342

(2009).343
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It should be noted that the following simplifying assumptions apply when solving the344

ADE: (i) the flow through pore throats is considered laminar, hence the Hagen-Poiseuille345

equation can be used to compute the pore velocities, (ii) pore bodies are spherical and346

pore throats are cylindrical, (iii) pore bodies have no resistance against the flow com-347

pared to the pore throats, and (iv) complete mixing occurs in pore bodies. Under these348

assumptions, Equation (16b) follows from the classical Taylor–Aris dispersion theory,349

which predicts that dispersion in a cylindrical tube scales with the square of the mean350

fluid velocity, and hence with Pe2. A further requirement of the Taylor–Aris formulation351

is that transverse diffusive mixing across the pore throat cross-section occurs sufficiently352

rapidly compared to axial advection. For the pore throat sizes and molecular diffusion353

coefficient considered here, the characteristic transverse diffusion timescale, td ∼ r2
ij/Dm,354

is much smaller than the advective residence time within individual pore throats. The use355

of the Taylor–Aris dispersion correction is therefore appropriate over the temporal and356

spatial scales investigated in this study. We note that in real porous media, dispersion357

commonly exhibits a weaker, sub-quadratic dependence on Pe due to pore-scale hetero-358

geneity, tortuous flow paths, and enhanced mixing in complex geometries. Such effects are359

not explicitly represented in idealised Poiseuille tube models and may lead to deviations360

from the Pe2 scaling observed in experimental systems (Li et al., 2006; Liu et al., 2024;361

Singh and Obi, 2025).362

The average resident concentration 〈Cr(t)〉 at time t is then calculated by averaging363

the pore concentrations, weighted by the pore volume Vi:364

〈Cr(t)〉 =

∑
Ci(t)Vi∑
Vi

, i ∈ Ωinvading fluid. (18)

The effluent flux-averaged concentration 〈Cf (t)〉 is also calculated by averaging the con-365

centrations at outlet pores Cij, weighted by qij:366

〈Cf (t)〉 =

∑
Cij(t)qij∑
qij

, ij ∈ Ωoutflow boundary. (19)

The parameters 〈Cr(t)〉 and 〈Cf (t)〉 can be then plotted versus time to obtain resident367

and flux-averaged BTCs. The effluent flux-averaged concentration BTC is finally fitted to368

the solute transport models (see Section 2) in order to obtain the fitting parameters and369

characterise the nature of the transport. It should be noted that a criterion of R2 > 0.98370

was applied in this work for the BTC fitting and inverse modelling to ensure the reliability371
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of the fitted parameters (R2 values available in the Supporting Information).372

The simulations were conducted at a wide range of the invading (solute-carrying) non-373

wetting phase saturation values and differential pressures of 10, 50, and 100 kPa for all374

three pore networks, corresponding to the pressure gradients of 0.667, 3.333, and 6.667375

MPa/m, respectively. Only saturation values S > 0.3 were considered, which were cho-376

sen to be well above the percolation threshold of the invading phase, thereby ensuring377

the presence of a continuous spanning cluster that enables solute transport across the378

domain. It should be noted that varying saturation through the immiscible displace-379

ment process modifies pore-scale connectivity and flow pathways, leading to systematic380

variations in characteristic velocities and transport regimes under a given differential pres-381

sure. Under pressure-driven conditions, this behaviour is consistent with Darcy’s law for382

multiphase flow, vα = −(k kαr /µ
α)∇P , where k is the absolute permeability, kαr is the383

relative permeability of phase α, and µα is its viscosity (An et al., 2020a). For a fixed384

imposed pressure gradient, the characteristic velocity of the solute-carrying phase there-385

fore scales with its relative permeability, i.e. vα ∝ kαr . Such conditions are representative386

of subsurface transport problems in partially saturated porous media, where a prescribed387

pressure gradient is applied and solute migration occurs within the connected phase while388

saturation-dependent pore connectivity evolves.389

For each imposed ∆P , the corresponding Pe numbers were calculated at different S390

values using the Equation (20):391

Pe =
vinlc
D

, (20)

where vin is the average inlet velocity, lc = 15 mm is the characteristic length, and392

D = 10−9 m2s−1 is the diffusion coefficient. The characteristic length lc corresponds to393

the length of the pore network and is used here to define a macroscopic (continuum-scale)394

Pe number based on the advective residence time across the domain. This definition395

is consistent with the MIM, MRMT, and CTRW models discussed in Section 2, which396

work at the continuum scale and do not explicitly resolve pore-scale length scales. While397

saturation alters pore-scale connectivity and local transport pathways, its effect on the398

macroscopic Pe number is captured through the saturation-dependent inlet velocity vin399

rather than through a variable characteristic length. A similar definition of lc was adopted400

by Huysmans and Dassargues (2005). Table 2 summarises the calculated Pe numbers for401
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each pore network under varying saturation and differential pressure conditions.402

Table 2: Pe numbers for the three pore networks at different saturation (S) and differential pressure

(∆P ) conditions.

Pe values for uncorrelated network (λ = 0.0 mm)

∆P (kPa) S = 0.41 S = 0.49 S = 0.62 S = 0.75 S = 0.94

10 1.95 4.20 14.25 37.65 92.40

50 9.75 21.45 71.85 187.80 461.85

100 19.50 42.75 143.70 375.60 923.70

Pe values for correlated network (λ = 0.375 mm)

∆P (kPa) S = 0.35 S = 0.48 S = 0.61 S = 0.80 S = 0.95

10 2.10 7.35 20.55 71.85 136.80

50 10.95 36.75 102.75 359.70 684.15

100 21.90 73.65 205.50 719.40 1368.45

Pe values for correlated network (λ = 0.75 mm)

∆P (kPa) S = 0.31 S = 0.59 S = 0.80 S = 0.96

10 4.20 27.60 83.10 147.30

50 21.30 138.45 415.35 736.95

100 42.75 276.90 830.85 1474.35

3.3. Validation of the pore-network model403

We validated the above methodology by comparing its performance in predicting solute404

transport behaviour in a porous medium against the experimental results reported by405

Van Offenwert et al. (2019). The experimental study used fast X-ray micro-CT imaging to406

quantify transient solute concentration fields in a saturated porous medium (sintered glass407

with pore sizes of 150 - 250 µm, ROBU P0, Germany). An X-ray micro-CT image of the408

dry sample, with dimensions of 6.0 mm in diameter and 5.0 mm in length and a porosity409

of 0.23, was used to extract a pore-network model using distance map, maximal ball,410

and watershed algorithms (Raeini et al., 2017). The extracted network had cylindrical411
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pore throats and spherical pore bodies, with a porosity of 0.22, similar to that of the real412

porous medium.413

Solute transport was simulated in the pore network at two injection rates of 0.25414

and 0.50 µl s−1, identical to the experimental conditions (Van Offenwert et al., 2019).415

To account for the delay in solute concentration reaching unity at the inlet, which was416

observed experimentally (possibly due to the solute dispersion within the injection line),417

Equation (21) was used to specify the concentration values at the inlet pores:418

C(t)|in=
exp(a(t− b))

exp(a(t− b)) + 1
, (21)

in which a and b are the fitting coefficients, determined by fitting the equation to the419

experimental data (see Supporting Information for more details). The steady-state volu-420

metric flow rates qij, computed using Equation (17), were then used to formulate the mass421

balance for each pore body and to resolve advective solute transport and the temporal422

evolution of Ci. Eventually, relative 〈Cr(t)〉 (Equation (18)) was obtained and plotted423

over time and injected pore volume of the invading fluid, PVI, obtained by scaling t by424

the advective characteristic time:425

tad =
VpS

Q
, (22)

together with the experimentally determined results in Figure 2. As can be seen, the426

simulation results have an excellent agreement with the experimental data at both solute427

injection rates, confirming the accuracy of the approach. We highlight that although the428

validation is performed under fully saturated conditions, it remains relevant because solute429

transport simulations in the unsaturated cases are conducted only after the immiscible430

displacement process has reached steady state (see Section 3.2), with the solute assumed431

to be soluble exclusively in the invading phase.432
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Figure 2: Comparison of relative 〈Cr〉 obtained numerically (this work) and experimentally (Van Offen-

wert et al. (2019)) for solute injection rates of 0.25 and 0.50 µl s−1: normalised concentration plotted

against (a) time and (b) pore volume injected (PVI = t/tad).

4. Results and discussion433

4.1. Breakthrough curves434

Figure 3 illustrates 〈Cf (t)〉 against PVI at different ∆P and S values for the three435

pore networks. It is evident that the breakthrough curves transition from non-Fickian436

behaviour, characterised by pronounced tailing, to more Fickian behaviour as S increases437

towards unity, irrespective of λ and ∆P . This trend is expected because, at different S438

values, imposing a constant ∆P results in different flow rates and characteristic veloc-439

ities, and hence different Pe numbers (Table 2). Similar behaviour has been observed440

experimentally by Padilla et al. (1999) and numerically by Hasan et al. (2019) and An441

et al. (2020a), highlighting the critical role of saturation in shaping the magnitude and442

distribution of the pore-scale velocity field under a given hydrodynamic forcing, thereby443

governing solute transport dynamics in partially saturated porous media. Figures 4 and444

5 show the evolution of the average concentrations in the flowing and stagnant regions,445

Cf and Cs, as a function of PVI for the same ∆P and S conditions. As expected, con-446

centrations in both regions evolve over time; however, their rates of change differ due447

to contrasting transport mechanisms. In the flowing region, concentration evolution is448
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primarily controlled by advection, leading to a rapid increase towards the unity at small449

PVI. In contrast, transport in the stagnant region is diffusion dominated, resulting in a450

slower approach. Moreover, the evolution of Cs is non-linear in time, which is consistent451

with a temporally varying mass transfer rate between the flowing and stagnant regions.452

To quantify the role of S in controlling non-Fickian transport, we define τ as the453

PVI required for 〈Cf (t)〉 to increase from 0.0 to 0.99 and plot it against S for different454

λ and ∆P in Figure 6. As observed, τ decreases with increasing S for all λ and ∆P455

values, consistent with the BTC trends in Figure 3. This declining behaviour is because456

higher S values provide greater interconnected pore space for the invading fluid flow, and457

accordingly, solute transport. At lower S, more pores act as dead-ends, reducing hydraulic458

conductivity, increasing tortuosity, and thereby limiting effective solute transport and459

promoting non-Fickian behaviour. Furthermore, for a given λ and S, τ generally decreases460

with increasing ∆P , as higher pressure gradients increase mean and local pore velocities461

(and thus Pe), accelerating advective transport and reducing the PVI required to reach462

〈Cf (t)〉 = 0.99. In addition, for a given ∆P , higher τ values are observed at larger λ.463

This behaviour reflects the fact that increasing spatial correlation in pore sizes promotes464

the formation of extended preferential flow pathways coexisting with larger and more465

persistent low-velocity or stagnant regions. Given these stagnant regions are less efficiently466

accessed by advective transport and rely predominantly on diffusive mass exchange with467

the flowing zones, which slows solute equilibration and prolongs late-time tailing in the468

BTCs. As a result, a larger injected pore volume is required for 〈Cf (t)〉 to approach469

unity, leading to increased τ values and more pronounced non-Fickian behaviour (An470

et al., 2020b). As S approaches unity, the τ values converge across all λ and ∆P cases,471

indicating that most of the pore space becomes accessible to the solute, thereby reducing472

non-Fickian transport characterstics. We emphasise that above comparative discussion473

reflects transport behaviour under two-phase flow conditions in which saturation, pore474

connectivity, velocity distributions, and Pe are intrinsically coupled.475
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Figure 3: Evolution of 〈Cf (t)〉 versus PVI at different S, λ, and ∆P values. The corresponding Pe

numbers for each case are provided in Table 2.
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Figure 4: Evolution of Cf versus PVI at different S, λ, and ∆P values.
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Figure 5: Evolution of Cs versus PVI at different S, λ, and ∆P values.

4.2. Transport properties476

In this section, the transport properties estimated via inverse modelling and fitting477

the BTCs to each transport model will be compared with each other and against the DE.478

The transport parameters in the MIM and MRMT models and DE include Ss, D, and γ479

and those in the CTRW model include β, D, and t2.480

4.2.1. Stagnant saturation and transport behaviour481

As Ss quantifies stagnant zones (dead-ends, narrow throats, cul-de-sacs) which con-482

tribute poorly to flow and transport, its variation is expected to reflect the trends observed483
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Figure 6: The variation of τ , defined as the PVI required for 〈Cf (t)〉 to increase from 0.0 to 0.99, versus

S at different values of ∆P for the three pore networks.

in the BTCs (section 4.1). Figure 7 presents the values of Ss estimated by the DE as well484

as MIM and MRMT models as a function of S for the three pore networks at different485

∆P values. As observed, the DE estimates a negligible increase in Ss at low S values,486

followed by a steeper decline as S approaches unity (Figure 7(a-c)), whereas regardless487

of ∆P and λ, Ss follows a concave trend in the MIM and MRMT models (Figure 7(d-488

f) and (g-i), respectively). The initial slight increase in Ss estimated by the DE aligns489

with percolation theory, which suggests that the fraction of dead-end pores reaches its490

maximum between the percolation threshold and a fully connected network (Hasan et al.,491

2019). The subsequent decrease at higher S values can be attributed to the increasing492

presence of interconnected pores. However, the pronounced increase in Ss predicted by493

the MIM and MRMT models at low to intermediate saturations contradicts the trends494

observed in Figures 3) and Figure 6. In some cases, this trend may not even be physically495

meaningful—for example, at λ = 0.0 mm, ∆P = 100 kPa, and S = 0.62, the predicted496

Ss = 0.56 implies Sf = 0.06, which is unrealistic. This discrepancy shows that the MIM497

and MRMT frameworks may not adequately distinguish the contributions of flowing and498

stagnant zones to fluid flow and solute transport at low and intermediate saturations when499

fitting the BTC data.500

The predicted Ss values in the MIM and MRMT models also show sensitivity to ∆P501

in all pore networks, whereas the DE estimates values that remain unaffected by hydro-502

dynamic conditions. Sensitivity of Ss to ∆P , i.e. Pe (see Table 2), is unexpected here503

because solute injection occurs after the steady-state saturation field has been established.504

This again highlights a key limitation of the MIM and MRMT models — since Ss is deter-505
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mined exclusively through fitting the solute BTC to the transport models, its prediction506

is strongly influenced by BTC evolution. As a result, variations in Ss at different ∆P507

values are observed, even though steady-state saturation conditions require Ss to remain508

constant. In contrast, the DE distinguishes stagnant regions from flowing zones based509

on local residence times rather than BTC fitting. This further supports the argument510

that estimating Ss purely through inverse modelling and BTC fitting to continuum-scale511

transport models may be insufficient, as noted by Griffioen et al. (1998) and Hasan et al.512

(2019).513

Since the steady-state saturation field and the distribution of dead-end zones are514

governed by entry capillary pressure, which in turn, depends on pore size distribution515

and heterogeneity, Ss is expected to vary with λ at fixed ∆P and S (An et al., 2020a;516

Saeibehrouzi et al., 2024). Figure 7(a-c) confirms that the DE captures this dependence,517

estimating lower Ss at higher λ. In contrast, while the MIM and MRMT models also518

yield different Ss values for varying λ, no consistent trend emerges.519
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Figure 7: Stagnant saturation (Ss) estimated from the DE and predicted by the MIM and MRMT models,

together with β predicted by the CTRW model, plotted against total saturation (S) for various ∆P and

λ values; the DE results overlap for different ∆P at a given λ value.

Unlike the other models, the CTRW model does not estimate Ss but instead employs520

a TPL probability distribution function (Equation (10)) to determine β and characterise521
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solute transport. Figure 7(j-l) presents β as a function of S for the three pore networks522

at different ∆P values. As observed, β generally increases with S, indicating a transition523

toward Fickian transport. This trend is consistent with previous studies (Cortis and524

Berkowitz, 2004; Cortis and Birkholzer, 2008) and aligns with trends in BTCs (Figure 3)525

and τ values (Figure 6). At low to intermediate S values, β < 2 suggests non-Fickian526

transport with minimal sensitivity to hydrodynamic conditions. However, as S approaches527

unity, β becomes hydrodynamically dependent. Specifically, for S > 0.9, β sharply reaches528

∼5 at all ∆P values in the uncorrelated pore network (Figure 7(j)), signifying strong529

Fickian transport. In the correlated pore networks, transport remains strongly Fickian at530

∆P = 10 kPa, as reflected by β � 2. At higher ∆P values, although the breakthrough531

curves at high saturation appear increasingly Fickian (Figure 3), the corresponding CTRW532

fits yield β values that approach, but do not significantly exceed, β = 2. This indicates533

that while the macroscopic BTCs exhibit near-Fickian behaviour, the CTRW framework534

becomes less sensitive in distinguishing fully Fickian transport once advective transport535

dominates and residence-time distributions narrow.536

4.2.2. Dispersion Coefficient537

Figure 8 shows the dispersion coefficient (D) estimates from the DE as well as pre-538

dictions from the MIM, MRMT, and CTRW models as a function of S for the three539

pore networks at different ∆P values. Consistent with previous experimental findings540

(Mohanty and Salter, 1982; Padilla et al., 1999) and in agreement with DE estimates541

(Figure 8(a-c)), the MIM model predicts a non-monotonic relationship between D and542

S in all cases, with higher D values at intermediate saturations (Figure 8(d-f)). This543

behaviour arises from the competing influences of increasing advective transport strength544

and the evolution of stagnant regions with saturation. At very low S, dispersion remains545

small because, regardless of Ss, advective transport is highly restricted by low effective546

permeability and poor phase connectivity, resulting in small Pe (Table 2). As S in-547

creases toward intermediate values, additional pores become accessible to the invading548

phase; consequently, effective permeability and average pore velocity increase, strength-549

ening advective transport (and hence Pe, see Table 2), while preferential flow pathways550

coexist with stagnant or poorly connected regions. The interaction between fast-moving551

and slow-moving zones enhances solute spreading, leading to a peak in dispersion. As552

S → 1, the fraction and influence of stagnant regions decrease substantially (see Figure553
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7). This reduction in mass-exchange contrast between flowing and stagnant zones out-554

weighs the comparatively modest increase in advective strength, resulting in a decrease555

in dispersion. This behaviour has also been observed experimentally by Karadimitriou556

et al. (2017). It can be seen that the MRMT and CTRW models fail to accurately cap-557

ture this behaviour in most cases, despite successfully predicting the overall range of D558

variations (Figure 8(g-i) and (j-l), respectively). In the MRMT model, the predicted559

dispersion reflects the superposition of multiple mass transfer rates associated with a pre-560

scribed distribution of immobile regions, which can lead to deviations from the physically561

expected saturation dependence. The inability of the CTRW model to reproduce the non-562

monotonic dependence of D on saturation stems from its formulation (2.3). The CTRW563

model does not reproduce the non-monotonic dependence of D on saturation because564

dispersion in CTRW is controlled by the statistics of particle transition times through565

the memory function M̃(u) and TPL probability distribution function ψ(t), rather than566

by explicit saturation-dependent reorganisation of pore-scale velocity fields. As a result,567

changes in saturation primarily affect the fitted parameters β and t2, while the dispersion568

coefficient Dψ remains insensitive to the competition between preferential flow pathways569

and stagnant regions that gives rise to peak dispersion at intermediate saturations.570

For low to intermediate S and a given ∆P , the MRMT model estimates higher D571

values than the DE, MIM, and CTRW models, with the CTRW model predicting the572

lowest D values, even as S → 1. The high dispersion coefficient predicted by the MRMT573

model in this saturation range is due to its consideration of multiple mass transfer rates574

from stagnant regions (Equation 4), leading to an overestimation of dispersion, as noted575

in previous studies (Muniruzzaman and Rolle, 2017; Lu et al., 2018). The low dispersion576

coefficients predicted by the CTRW model is due to its definition, which is based on the577

time scale of transport (see Equation (8)), offering a distinct physical interpretation com-578

pared to the other models (Berkowitz et al., 2006; Berkowitz and Scher, 2009). Although579

previous studies have not fully explained the physical meaning of the CTRW dispersion580

coefficient, one study classified the average pore velocity in CTRW as the average parti-581

cle velocity of a solute particle moving between two pores (Cortis and Berkowitz, 2004).582

Assuming that D is defined as dispersivity (α) multiplied by pore velocity (v), D in the583

CTRW model can be interpreted as a particle dispersion coefficient.584
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Figure 8: Dispersion coefficient (D) estimated from the DE and predicted by the MIM, MRMT, and

CTRW models, plotted against total saturation (S) for various ∆P and λ values.

4.2.3. Mass transfer rate585

In this section, we first compare the mass transfer coefficients (γ) estimated by the586

DE with those predicted by the MIM and MRMT models. The γ values, presented in587

28



Figure 9, are plotted as a function of time at ∆P = 100 kPa and selected S values for588

the three pore networks. The selected S values are the lowest, intermediate, and highest589

S values for each pore network in Table 2. Since the trends observed at ∆P = 10 kPa590

and ∆P = 50 kPa are similar, these results are included in the Supporting Information591

for brevity.592
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Figure 9: The mass transfer coefficients γ plotted as a function of time at ∆P = 100 kPa and selected S

values for the three different pore networks. Note that γ values estimated below 10−8 s−1 are not shown.

The formulations of γ in different models (see Section 2) inherently require its vari-593

ability over time, as both the solute concentrations in flowing and stagnant zones and the594

time derivative of the stagnant concentration evolve due to solute transport and mixing595
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within the pore space (see Figures 4 and 5).596

This behaviour is effectively captured by the DE at different cases, as shown in Figure597

9, in agreement with recent modelling and experimental studies (Karadimitriou et al.,598

2016; An et al., 2020a; Hasan et al., 2019). In contrast, the MIM model predicts a single599

constant value for γ over time, and the MRMT model estimates a range of constant γ600

values, with the minimum and maximum values indicated in Figure 9. Although these601

constant values do not reflect the inherently time-dependent nature of mass transfer be-602

tween flowing and stagnant zones, they generally fall within the range of time-dependent603

γ values estimated by DE, thus can be considered as time-averaged approximations and604

exhibit interesting trends. For instance, at a given λ, the constant γMIM values generally605

increase with increasing S. This trend can be attributed to the fact that at higher S, the606

reduction of Ss enhances mass transfer between stagnant and flowing zones. A similar607

trend is observed for γMRMT
max , except at λ = 0.75, where a decreasing trend is noted.608

Meanwhile, γMRMT
min decreases with increasing S, indicating a broader range of γMRMT

609

values as S increases.610

In Figure 9, the time-dependent γ values predicted by the DE follow a power-law decay,611

γ ∝ t−ϑ, where ϑ is the correlation exponent. The exponent ϑ was found to range from612

0.972 to 1.228 for λ = 0.0, 1.046 to 1.109 for λ = 0.375, and 1.052 to 1.119 for λ = 0.75,613

indicating a slightly faster decline of γ at higher saturations. However, no clear correlation614

between ϑ and λ was observed at a given saturation, suggesting that further studies at615

larger correlation lengths are needed to better understand the impact of heterogeneity616

on the temporal evolution of γ. The observed power-law behaviour highlights the need617

to revisit continuum-scale models and to incorporate a time-dependent mass transfer618

coefficient to more accurately represent solute exchange between flowing and stagnant619

regions.620

As mentioned, the CTRW model does not explicitly estimate the mass transfer rate621

but instead employs a TPL probability distribution function (Equation (10)) to charac-622

terise solute transport by fitting the solute BTC to the CTRW model and obtaining β,623

t1, and t2. Figure 10 presents the temporal evolution of 〈Cf (t)〉 versus time, along with624

t2, at ∆P = 100 kPa and selected S values for the three pore networks. The selected S625

values correspond to the lowest, intermediate, and highest S values for each pore network626

in Table 2. Since the trends observed at ∆P = 10 kPa and ∆P = 50 kPa are similar,627
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these results are included in the Supporting Information for brevity. In Figure 10, it628

can be seen that t2 consistently exceeds the final time of the BTC at λ =0.0 and 0.375,629

in agreement with previous conceptual studies (Dentz and Berkowitz, 2003; Cortis and630

Berkowitz, 2004), which suggest that t2 acts as a cutoff time distinguishing transport in631

the advective-dominated (flowing) zone from that in the diffusion-dominated (stagnant)632

zone. This is true for low and intermediate saturation cases; however, at high saturation,633

t2 is underestimated, indicating that its definition does depend on saturation of the car-634

rying phase. This dependence of t2 on saturation has been noted by Dentz et al. (2004);635

Berkowitz et al. (2006), who reported that when the transport time is much greater than636

t2, transport behaviour becomes Fickian, whereas when the transport time is much smaller637

than t2, transport remains anomalous (non-Fickian).638

5. Conclusion639

In this work, we investigated non-Fickian solute transport in unsaturated porous media640

using pore-network modelling under steady-state two-phase flow conditions. Simulations641

were conducted in three pore networks with different heterogeneity, charactersied by cor-642

relation lengths (λ), and differential pressures (∆P ), demonstrating a clear transition643

from anomalous, long-tailed breakthrough behaviour at low to intermediate saturations644

to Fickian transport as saturation approaches unity.645

A comparative analysis of commonly used continuum-scale models, Mobile-Immobile646

(MIM), Multirate Mass Transfer (MRMT), and Continuous Time Random Walk (CTRW)647

was carried out to characterise solute transport properties, and their predictions were648

compared with each other and against those obtained with the direct estimations (DE).649

The results showed that the MIM and MRMT, as two traditional inverse modelling ap-650

proaches, are highly sensitive to the hydrodynamic conditions and, in some cases, yielded651

physically unrealistic estimates for stagnant saturation (Ss) and mass transfer parame-652

ters. The DE, however, consistently captured the expected dependencies on saturation653

and heterogeneity owing to its use of detailed pore-scale flow and transport information.654

Moreover, the DE showed a time-dependent mass transfer coefficient (γ), in line with655

theoretical expectations, whereas the MIM and MRMT models produced constant values656

that failed to represent the transient dynamics of solute transport.657

The CTRW model, as an alternative to traditional approaches, successfully charac-658
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terised the transition from non-Fickian to Fickian transport with increasing saturation.659

However, it did not adequately reproduce the non-monotonic variations in dispersion with660

respect to saturation, a behaviour observed both in our simulations and in available ex-661

perimental data. While showing some similarities to the MIM and MRMT frameworks,662

the CTRW model did not fully capture the complex, time-dependent, and heterogeneous663

features of mass transfer in porous media.664

This study demonstrates that commonly used continuum-scale inverse models are665

fundamentally limited in their ability to infer physically meaningful transport parameters666

under unsaturated two-phase flow conditions. While such models can reproduce certain667

macroscopic features of BTCs, their fitted parameters are often sensitive to hydrody-668

namic conditions, lack physical uniqueness, and do not reliably represent the underlying669

pore-scale transport mechanisms. As a result, interpreting inverse-model parameters as670

physically representative quantities can be misleading, particularly in heterogeneous and671

partially saturated systems. When only breakthrough curve data are available, as is672

typically the case in field-scale applications, inverse modelling remains a pragmatic but673

inherently indirect approach. In this context, the present results provide clear guidance674

on the regimes in which these models are most likely to fail and highlight the risks as-675

sociated with over-interpreting fitted parameters. The DE, which explicitly incorporates676

pore-scale velocity fields and residence-time distributions, provides a physically robust ba-677

sis for quantifying mass transfer, dispersion, and stagnant-zone dynamics. Although its678

application is currently restricted to systems where detailed pore-scale data are accessible,679

the insights obtained from DE establish a clear pathway for improving continuum-scale680

transport models by embedding pore-scale physics rather than relying solely on phe-681

nomenological fitting to BTCs.682

Taken together, these findings argue for a shift away from purely phenomenological inverse683

modelling toward hybrid and multiscale approaches that explicitly account for pore-scale684

heterogeneity and two-phase flow effects. Such a shift is essential for improving predic-685

tive reliability in subsurface transport problems, including groundwater contamination,686

soil remediation, and enhanced oil recovery, where accurate representation of transport687

processes under partial saturation is critical.688

32



102 106 1010 1014

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(a)

S = 0.41, λ = 0.0 mm

104 1011 1018

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(b)

S = 0.62, λ = 0.0 mm

100 102 104

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(c)

S = 0.94, λ = 0.0 mm

103 1010 1017

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(d)

S = 0.35, λ = 0.375 mm

101 105 109

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(e)

S = 0.61, λ = 0.375 mm

100 102 104

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(f)

S = 0.95, λ = 0.375 mm

101 106 1011

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(g)

S = 0.31, λ = 0.75 mm

100 102 104 106

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(h)

S = 0.59, λ = 0.75 mm

100 102 104

t (s)

0.0

0.2

0.4

0.6

0.8

1.0

〈 Cf (
t)
〉  (

-)

(i)

S = 0.96, λ = 0.75 mm

〈
C f(t)

〉
t2

Figure 10: Effluent flux-averaged concentration BTC (〈Cf (t)〉) illustrated as solid line, plotted together

with t2, estimated by the CTRW model at ∆P = 100 kPa and selected S values for the three different

pore networks.
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Figure S1 presents the averaged resident concentration (C(t)|in) at the inlet, derived
from data in a previous study (Van Offenwert et al., 2019), and used to estimate parame-
ters a and b in Equation (20) via curve fitting. The obtained values were a = 0.0359 and
b = 107.5077 for the injection rate of 0.25 µl s−1, and a = 0.0186 and b = 211.4801 for
0.50 µl s−1.
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Figure S1: Averaged resident concentration at the inlet. The dataset was obtained from Van Offenwert
et al. (2019).
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Figure S2 shows the evolution of 〈Cf (t)〉 versus time at different λ and ∆P values.
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Figure S2: Evolution of 〈Cf (t)〉 versus time (t) at different λ and ∆P values.
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Tables S1, S2, S3, and S4 present the coefficient of determination (R2) values obtained
from fitting the DE and MIM, MRMT, and CTRW models, respectively, to the effluent
flux-averaged concentration breakthrough curves (〈Cf (t)〉) for all the simulation cases.

Table S1: R2 values for the DE fitted to the effluent flux-averaged concentration breakthrough curves.

R2 for uncorrelated network (λ = 0.0 mm)

∆P (kPa) S = 0.41 S = 0.49 S = 0.62 S = 0.75 S = 0.94

10 0.9975 0.9956 0.9828 0.9823 0.9964
50 0.9952 0.9918 0.9744 0.9739 0.9961
100 0.9937 0.9890 0.9674 0.9750 0.9978

R2 for correlated network (λ = 0.375 mm)

∆P (kPa) S = 0.35 S = 0.48 S = 0.61 S = 0.80 S = 0.95

10 0.9931 0.9822 0.9893 0.9942 0.9987
50 0.9972 0.9799 0.9881 0.9901 0.9990
100 0.9968 0.9779 0.9871 0.9907 0.9989

R2 for correlated network (λ = 0.75 mm)

∆P (kPa) S = 0.31 S = 0.59 S = 0.80 S = 0.96

10 0.9872 0.9955 0.9965 0.9996
50 0.9829 0.9940 0.9965 0.9996
100 0.9810 0.9936 0.9970 0.9997
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Table S2: R2 values for the MIM model fitted to the effluent flux-averaged concentration breakthrough
curves.

R2 for uncorrelated network (λ = 0.0 mm)

∆P (kPa) S = 0.41 S = 0.49 S = 0.62 S = 0.75 S = 0.94

10 0.9981 0.9985 0.9978 0.9985 0.9999
50 0.9984 0.9988 0.9952 0.9992 0.9999
100 0.9956 0.9946 0.9942 0.9973 0.9998

R2 for correlated network (λ = 0.375 mm)

∆P (kPa) S = 0.35 S = 0.48 S = 0.61 S = 0.80 S = 0.95

10 0.9978 0.9980 0.9989 0.9993 0.9990
50 0.9976 0.9968 0.9978 0.9989 0.9990
100 0.9946 0.9960 0.9975 0.9985 0.9990

R2 for correlated network (λ = 0.75 mm)

∆P (kPa) S = 0.31 S = 0.59 S = 0.80 S = 0.96

10 0.9931 0.9981 0.9997 0.9995
50 0.9878 0.9894 0.9995 0.9990
100 0.9885 0.9971 0.9994 0.9996

Table S3: R2 values for the MRMT model fitted to the effluent flux-averaged concentration breakthrough
curves.

R2 for uncorrelated network (λ = 0.0 mm)

∆P (kPa) S = 0.41 S = 0.49 S = 0.62 S = 0.75 S = 0.94

10 0.9875 0.9990 0.9998 0.9990 0.9990
50 0.9990 0.9998 0.9999 0.9990 0.9990
100 0.9998 0.9999 0.9999 0.9990 0.9990

R2 for correlated network (λ = 0.375 mm)

∆P (kPa) S = 0.35 S = 0.48 S = 0.61 S = 0.80 S = 0.95

10 0.9983 0.9997 0.9990 0.9995 0.9990
50 0.9973 0.9997 0.9999 0.9990 0.9996
100 0.9970 0.9997 0.9999 0.9999 0.9995

R2 for correlated network (λ = 0.75 mm)

∆P (kPa) S = 0.31 S = 0.59 S = 0.80 S = 0.96

10 0.9962 0.9999 0.9998 0.9990
50 0.9914 0.9998 0.9996 0.9990
100 0.9977 0.9998 0.9996 0.9987
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Table S4: R2 values for the CTRW model fitted to the effluent flux-averaged concentration breakthrough
curves.

R2 for uncorrelated network (λ = 0.0 mm)

∆P (kPa) S = 0.41 S = 0.49 S = 0.62 S = 0.75 S = 0.94

10 0.9992 0.9975 0.9915 0.9969 0.9966
50 0.9885 0.9947 0.9846 0.9848 0.9958
100 0.9965 0.9940 0.9868 0.9889 0.9975

R2 for correlated network (λ = 0.375 mm)

∆P (kPa) S = 0.35 S = 0.48 S = 0.61 S = 0.80 S = 0.95

10 0.9956 0.9925 0.9994 0.9897 0.9983
50 0.9944 0.9909 0.9980 0.9954 0.9986
100 0.9935 0.9902 0.9972 0.9959 0.9994

R2 for correlated network (λ = 0.75 mm)

∆P (kPa) S = 0.31 S = 0.59 S = 0.80 S = 0.96

10 0.9640 0.9995 0.9995 0.9994
50 0.9591 0.9991 0.9986 0.9995
100 0.9714 0.9917 0.9982 0.9998
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Figures S3 and S4 present the mass transfer coefficients (γ) estimated by the DE as
well as the MIM and MRMT models at ∆P = 10 kPa and ∆P = 50 kPa, respectively,
for selected saturation (S) values in the three pore networks (uncorrelated λ = 0.0 mm,
correlated λ = 0.375 mm, and correlated λ = 0.75 mm).
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Figure S3: The mass transfer coefficients γ plotted as a function of time at ∆P = 10 kPa and selected S
values for the three different pore networks. Note that γ values estimated below 10−8 s−1 are not shown.
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Figure S4: The mass transfer coefficients γ plotted as a function of time at ∆P = 50 kPa and selected S
values for the three different pore networks. Note that γ values estimated below 10−8 s−1 are not shown.
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Figures S5 and S6 illustrate the temporal evolution of the effluent flux-averaged con-
centration 〈Cf (t)〉 versus time, along with the cutoff time t2 estimated by the CTRW
model, at ∆P = 10 kPa and ∆P = 50 kPa, respectively, for selected S values across the
three pore networks.
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Figure S5: Effluent flux-averaged concentration BTC (〈Cf (t)〉) illustrated as a solid line, plotted together
with t2, estimated by the CTRW model at ∆P = 10 kPa and selected S values for the three different
pore networks.
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Figure S6: Effluent flux-averaged concentration BTC (〈Cf (t)〉) illustrated as a solid line, plotted together
with t2, estimated by the CTRW model at ∆P = 50 kPa and selected S values for the three different
pore networks.
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