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ABSTRACT 
This work presents a model for nanoparticle-stabilized foam flow in porous 
media, accounting for particle retention and the resulting permeability 
reduction. We present a semi-analytical solution under steady-state 
conditions, which allows for obtaining water saturation, foam apparent 
viscosity, and pressure drop profiles. We study different nanoparticle 
concentrations (in the presence and absence of salt) using retention 
parameters based on experimental data. When particle retention is neglected, 
the sweep efficiency of the porous medium improves compared to the case 
without nanoparticles, even at a low  nanoparticle  concentration  (0.1 wt%).  
In  contrast,  when  retention  is  accounted  for,  this enhancement  is  observed  
only  at higher  concentrations  (0.5  wt%  and  1.0  wt%).  Neglecting 
nanoparticle retention generally underestimates pressure drop, especially in 
scenarios with significant retention.  However, while retained nanoparticles 
increase pressure by reducing permeability, the loss of suspended 
nanoparticles decreases pressure by reducing the foam’s apparent viscosity.  
Consequently, when considering both nanoparticle loss and reduced 
permeability, the pressure drop is higher than in models that ignore retention. 
In contrast, omitting retention effects on permeability, the pressure drop is 
lower. 
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1. INTRODUCTION 
Nanotechnology has been rapidly growing in various industrial sectors, particularly in subsurface 
applications such as soil and aquifer remediation, greenhouse carbon storage, and enhanced oil recovery 
(EOR) (25). Nanoparticles, with a size range of 1–100 nm, can be produced with designed surface 
properties to meet specific demands (6).  An application of nanoparticles with great potential is the 
stabilization of emulsions and foams, which are used as mobility-control agents to optimize gas flooding 
(12).  The low mobility of foam helps prevent viscous fingering, channeling, and gravity override, 
phenomena that negatively impact the sweep efficiency of gas in porous media (14). 

Due to the natural instability of foam films, maintaining long-term foam stability is a challenge. 
Surfactants are typically used to enhance bubble generation and resistance to coalescence, but they face 
limitations in field applications, where they tend to degrade faster in the presence of oil, brine, and high 
temperatures (32, 33). Experimental works (16, 17, 28, 34, 40, 45) have reported that adding nanoparticles 
improved foam stability and resistance; see (23, 46) for a detailed review. The main advantage of using 
solid particles as stabilizer agent lies in their high adhesion energy at the gas-liquid interface (16). Unlike 
surfactant molecules, nanoparticles exhibit nearly irreversible adsorption to the gas-liquid interface. This 
characteristic, along with the thermal and mechanical stability of nanoparticles, ensures long-term foam 
stability even under unfavorable conditions (12, 16, 40). A scheme of the foam stabilization process by 
surfactant and nanoparticles is presented in Figure 1. 

In general, for particle injection to be effective in subsurface applications, they must meet three key 
criteria (47): (i) maintain stable dispersion in the injected water without forming aggregates; (ii) travel 
long distances with minimal retention; and (iii) attach themselves only at specific/desired locations. 
Particle retention is a concern as it can lead to reduced rock permeability and a decline in injectivity (i.e., 
increased pressure at a given flow rate) in injection wells (19). In the specific case of foam flow with 
suspended nanoparticles, the consequences are more complex.  A high retention rate reduces the 
number of particles available for foam stabilization, reducing foam flow efficiency (34). Consequently, 
conducting a quantitative analysis of nanoparticle loss is crucial for accurately evaluating foam stability. 
Mechanical entrapment and adsorption are important retention mechanisms affecting the transport of 
particles in porous media (7, 19, 25); see Figure 2. Mechanical entrapment (size exclusion) occurs when 
pore throats block the passage of particles during a suspension flow, playing a crucial role in maintaining 
particle concentration over long distances (19, 36). Adsorption refers to the attachment of particles to 
the rock surface due to intermolecular forces, which may involve both physical and chemical interactions, 
affecting the propagation speed of the particle suspension in porous media (52). Pore throats in reservoir 
rocks are typically much larger than nanoparticles, reducing the chance of retention by size exclusion. 

However, agglomer-ation is a 
significant phenomenon during 
nanoparticle transport and can 
completely alter the dominant 
retention mechanisms, as nano-
particle aggregates behave like 
larger particles (3). 

Several experiments have 
investigated nanoparticle trans-
port and retention in porous media 
(1, 11, 20, 25, 31, 35, 47, 52). The 
findings indicate that the main 
factors influencing nanoparticle 
retention include their type and 
size, the concentration and ionic 
strength of the injected solution, 

 

Figure 1: Schematic representation of foam stabilization by an 
anionic surfactant and hydrophobic nanoparticles. The blockage 
of foam lamella and Plateau borders with nanoparticles, along 
with other surface phenomena, slows down liquid drainage and 
film rupture (30, 39). 
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the flow rate, and the surface charges of both 
nanoparticles and rock (11, 51). In (35), micromodel tests 
were conducted to examine the transport behavior of 
various types of nanoparticles (MgO, SiO2, and Al2O3), in 
which high concentrations led to a significant decrease 
in permeability for all types, primarily due to the pore-
plugging process. In (25), single-phase core-flooding 
experiments were performed to examine the transport 
of silica nanoparticles through dolomite rocks.  The 
authors found that higher nanoparticle concentrations 
and increased aqueous phase ionic strength decrease 
nanofluid stability (the average size of nanoparticles 
increased), leading to greater nanoparticle retention in 
the rock and significant permeability reduction. Some 
works reported the presence or even dominance of 
reversible adsorption (recovery of nearly all the injected 
nanoparticles) during core-flooding experiments (1, 31, 
47, 52). However, studies showing low nanoparticle 
retention often rely on an appropriate surface coating to 
keep the nanoparticles individually dispersed in water. In 
studies involving the co-injection of nanoparticle solutions (with or without surfactants) and gas, the 
focus is primarily on the potential of nanoparticles to stabilize foam. Notably, studies such as (33, 34, 41) 
included retention tests; however, these tests were conducted separately from the gas injection. It is 
assumed that retention is lower during foam flooding, as nanoparticles tend to migrate to the gas-liquid 
interface (33, 41).  

Nanoparticles are expected to exhibit similar behavior to colloids (particles with diameters between 1 
and 1000 nm) when they move through porous media (51). As a result, some researchers have used 
colloid retention models to simulate the transport of nanoparticles in saturated columns (18, 25, 29, 44, 
51), allowing them to interpret experimental data. Modeling nanoparticle transport is more complicated 
due to the influence of various physico-chemical interactions, which can be significantly different from 
those affecting larger colloids. Therefore, one must be careful when extending colloid transport models 
to nanoparticles. A comprehensive review of crucial nanoparticle transport mechanisms and their 
corresponding mathematical models can be found in (3). 

Although modeling foam flow in porous media is well-studied (2, 24, 26, 42, 53), incorporating 
nanoparticles is challenging. Two studies (13, 15) presented numerical solutions for foam models using 
parameters calibrated from experiments with nanoparticle-assisted foam, while another (27) introduced 
nanoparticle concentration as a model variable, but the solution was also limited to numerical 
simulations. A recent model (9) included nanoparticle transport in a foam model in local equilibrium, 
with the maximum foam texture depending on nanoparticle concentration. The authors obtained the 
global analytical solution for the system of conservation laws. A simplified version of this model was 
proposed in (10) to perform uncertainty quantification and sensitivity analysis studies, investigating three 
relevant quantities of interest: breakthrough time, cumulative water production, and pressure drop. 
Nevertheless, in both papers (9, 10), nanoparticles were treated as tracers in the water phase, assuming 
a stable colloidal dispersion without considering agglomeration or retention in the mathematical model. 

In the present work, we propose a model for nanoparticle-stabilized foam flow in porous media based 
on the Stochastic Bubble Population (SBP) model (53). The SBP model has been experimentally validated 
(37, 38) and, in comparison to other foam models (24, 26), it simplifies the number of fitting parameters 
while remaining robust enough to predict foam behavior in porous media (53). Additionally, we have 
included a transport equation incorporating suspended and retained nanoparticles based on the deep-
bed filtration theory (21, 36). We provide a semi-analytical solution under steady-state conditions, which 
is a valid approach for describing the foam-particle flow with retention for limited times (4). 

 

Figure 2: Example of processes impacting 
particle transport through porous media: 
Mechanical entrapment (size exclusion), 
adsorption (related to physicochemical 
interactions), and agglomeration (particles 
aggregation). 
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This paper is organized as follows. In Section 2, we present the governing equations for nanoparticle-
stabilized foam flow. The corresponding steady-state model is solved in Section 3. Section 4 investigates 
the impact of nanoparticles on foam flow through solution profiles for water saturation, foam apparent 
viscosity, and pressure drop. In Section 5, we compare the steady-state model with a dynamic 
nanoparticle-stabilized foam flow model. In Section 6, we discuss the results, and finally, Section 7 
presents the main conclusions of this work. 

2. MATHEMATICAL MODEL FOR NANOPARTICLE-STABILIZED FOAM 
FLOW IN POROUS MEDIA 

Following the Colloid Filtration Theory (CFT) (21), the single-phase colloidal-suspension flow is modeled 
by considering advection, hydrodynamic dispersion, and deposition (filtration). At low concentrations 
and moderate ionic strength, the single-phase flow with suspended 𝐶𝐶(𝑥𝑥. 𝑡𝑡) and retained 𝜎𝜎(𝑥𝑥. 𝑡𝑡) particle 
concentration can be described by (21, 43) (Eq. 1, Eq. 2):  

𝜙𝜙 ∂𝑡𝑡(𝐶𝐶 + 𝜎𝜎) + 𝑈𝑈 ∂𝑥𝑥𝐶𝐶 = 𝐷𝐷 ∂𝑥𝑥𝑥𝑥𝐶𝐶, (1) 

∂𝑡𝑡𝜎𝜎 = 𝜆𝜆(𝜎𝜎)𝑈𝑈𝑈𝑈, (2) 

where 𝑈𝑈 = 𝑈𝑈(𝑡𝑡)  is the flow velocity, 𝜙𝜙  is the porosity, 𝜆𝜆  is the filtration function, and 𝐷𝐷  is the 
hydrodynamic dispersion coefficient. Here the suspended concentration is defined as the number 
(volume) of particles per unit volume of the carrier fluid, while the retained concentration is defined as 
the number (volume) of particles per unit of the rock volume. 

In many practical applications, Equation 1 and Equation 2 are typically analyzed at steady-state, where 
the effects of hydrodynamic dispersion are minimal and can be neglected (43). It is commonly assumed 
that the particle deposition rate remains constant over time and space (𝜆𝜆 is adopted as a constant). Given 
these assumptions, initial conditions 𝐶𝐶(𝑥𝑥. 0) = 0.  𝜎𝜎(𝑥𝑥. 0) = 0 and boundary condition 𝐶𝐶(0. 𝑡𝑡) = 𝐶𝐶𝐼𝐼, the 
solution of Equation 1 and Equation 2 is (5) (Eq. 3): 

𝐶𝐶(𝑥𝑥, 𝑡𝑡) = 𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆, 𝜎𝜎(𝑥𝑥, 𝑡𝑡) = 𝜆𝜆𝐶𝐶𝐼𝐼(𝑈𝑈𝑈𝑈 − 𝜙𝜙𝜙𝜙)𝑒𝑒−𝜆𝜆𝜆𝜆, (3) 

for 𝑥𝑥 < 𝑈𝑈𝑈𝑈/𝜙𝜙 ; otherwise, both concentrations 𝐶𝐶  and 𝜎𝜎  vanish. Note that this model predicts that 
nanoparticle retention will continue to increase indefinitely as long as the dispersion concentration 
remains above zero. As a result, in a core-flooding experiment with continuous injection of dispersion, 
the nanoparticle effluent concentration will not reach the injection concentration (even after the 
breakthrough). 

Different models have been proposed modifying the CFT to include other phenomena, such as 
detachment, agglomeration, and even adsorption (retardation); for details, see (3, 50). Due to the 
complexity of nanoparticle transport and experimental results reporting both reversible and irreversible 
particle capture, a mixed model including mechanical retention and adsorption seems to be the best 
way to model nanoparticle retention. However, there is still a lack of more rigorous studies, especially 
validation of mathematical models with reliable experimental data (11). 

2.1. Model Assumptions 
In this work, we study one-dimensional gas-water flow in a saturated porous medium in the presence of 
foam and with suspended nanoparticles in the aqueous phase. Both phases are assumed to flow during 
the co-injection of gas and a solution of surfactant and nanoparticles. The phases are incompressible 
and immiscible, and the rock is homogeneous. We also consider large-scale approximation, i.e., the 
diffusion terms are neglected compared with the advective fluxes. 

Foam is a non-Newtonian fluid with apparent viscosity depending on the gas velocity. We include the 
effect of nanoparticles on foam stabilization by increasing the foam’s apparent viscosity, leading to lower 
mobility. In addition to this positive impact, we also consider nanoparticle retention based on the CFT. 

2.2. Governing Equations 
The foam model for a gas-water flow is given by (53) (Eqs. 4 and 5): 
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𝜙𝜙 ∂𝑡𝑡𝑆𝑆𝑤𝑤 + ∂𝑥𝑥𝑢𝑢𝑤𝑤 = 0, (4) 

𝜙𝜙 ∂𝑡𝑡�𝑆𝑆𝑓𝑓𝑛𝑛� + ∂𝑥𝑥�𝑢𝑢𝑓𝑓𝑛𝑛� = 𝛷𝛷, (5) 

where 𝑆𝑆𝑤𝑤  and 𝑆𝑆𝑓𝑓  are the water and foam/gas saturations (𝑆𝑆𝑤𝑤 + 𝑆𝑆𝑓𝑓 = 1), 𝑢𝑢𝑤𝑤  and 𝑢𝑢𝑓𝑓  are the water and 
foam superficial velocities, and n is the foam texture (the number of bubbles per unit volume). 

The source term 𝛷𝛷 = 𝜙𝜙𝑆𝑆𝑓𝑓�𝐾𝐾𝑔𝑔(𝑛𝑛max − 𝑛𝑛) − 𝐾𝐾𝑑𝑑𝑛𝑛� depends on the bubble generation and coalescence rates 
�𝐾𝐾𝑔𝑔,𝐾𝐾𝑑𝑑� and a reference foam texture (𝑛𝑛max). This term can be rewritten as 𝛷𝛷 = 𝜙𝜙𝑆𝑆𝑓𝑓�𝐾𝐾𝑑𝑑 + 𝐾𝐾𝑔𝑔�(𝑛𝑛∞ − 𝑛𝑛), 

where the equilibrium foam texture is 𝑛𝑛∞ = 𝑛𝑛max𝐾𝐾𝑔𝑔�𝐾𝐾𝑑𝑑 + 𝐾𝐾𝑔𝑔�
−1

. Note that, mathematically, both cases 
𝐾𝐾𝑑𝑑 = 0 and 𝐾𝐾𝑑𝑑 ≠ 0 are equivalent (48). Thus, we consider 𝐾𝐾𝑑𝑑 = 0, yielding 𝑛𝑛∞ = 𝑛𝑛max and Equation 6: 

𝛷𝛷 = 𝜙𝜙𝑆𝑆𝑓𝑓𝐾𝐾𝑔𝑔(𝑛𝑛∞ − 𝑛𝑛) (6) 

The flow velocities 𝑢𝑢𝑤𝑤 and 𝑢𝑢𝑓𝑓 are determined by the extension of Darcy’s law as (8) (Eq. 7):  

𝑢𝑢𝑤𝑤 = −(𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟/𝜇𝜇𝑤𝑤)𝜕𝜕𝑥𝑥𝑝𝑝𝑤𝑤 ,         𝑢𝑢𝑓𝑓 = −�𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟/𝜇𝜇𝑓𝑓�𝜕𝜕𝑥𝑥𝑝𝑝𝑓𝑓 , (7) 

where 𝑘𝑘 is the medium’s absolute permeability, 𝑘𝑘𝑟𝑟𝑟𝑟 is the relative permeability, 𝜇𝜇𝑗𝑗is the viscosity, and 𝑝𝑝𝑗𝑗 
is the pressure of each phase 𝑗𝑗 = 𝑤𝑤, 𝑓𝑓 representing the water and foam phases. We consider negligible 
capillary effects (𝑝𝑝𝑤𝑤 = 𝑝𝑝𝑓𝑓 = 𝑃𝑃) . We assume that water can fully displace foam (the residual foam 
saturation is equal to zero) and foam’s relative permeability function is the same as that for free gas (Eq. 
8): 

𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤) =

⎩
⎪
⎨

⎪
⎧1 − �1 − 𝑘𝑘𝑟𝑟𝑟𝑟0 �

𝑆𝑆𝑤𝑤
𝑆𝑆𝑤𝑤𝑤𝑤

, 0 ≤ 𝑆𝑆𝑤𝑤 ≤ 𝑆𝑆𝑤𝑤𝑤𝑤 ,

𝑘𝑘𝑟𝑟𝑟𝑟0 �
1 − 𝑆𝑆𝑤𝑤
1 − 𝑆𝑆𝑤𝑤𝑤𝑤

�
3+2𝛽𝛽

, 𝑆𝑆𝑤𝑤𝑤𝑤 < 𝑆𝑆𝑤𝑤 ≤ 1,
 (8) 

where 𝑆𝑆𝑤𝑤𝑤𝑤 is the connate water saturation, 𝑘𝑘𝑟𝑟𝑟𝑟0  is the end-point foam relative permeability, and 𝛽𝛽 is a 
constant. Analogously, the water relative permeability function is (Eq. 9):   

𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤) = �
0, 0 ≤ 𝑆𝑆𝑤𝑤 ≤ 𝑆𝑆𝑤𝑤𝑤𝑤 ,

𝑘𝑘𝑟𝑟𝑟𝑟0 �
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑤𝑤
1 − 𝑆𝑆𝑤𝑤𝑤𝑤

�
𝛽𝛽

, 𝑆𝑆𝑤𝑤𝑤𝑤 < 𝑆𝑆𝑤𝑤 ≤ 1,
 (9) 

where 𝑘𝑘𝑟𝑟𝑟𝑟0   is the end-point water relative permeability. 

Now, let us introduce nanoparticles into Equation 4 and Equation 5. Foam is a non-Newtonian fluid 
with apparent viscosity given by (22) (Eq. 10): 

𝜇𝜇𝑓𝑓 = 𝜇𝜇𝑔𝑔 + 𝛼𝛼(𝐶𝐶)𝑛𝑛𝑢𝑢𝑓𝑓𝑚𝑚−1, (10) 

where 𝜇𝜇𝑔𝑔 is the foam-free gas viscosity and 𝑚𝑚 is a constant related to the fluid viscosity. We assume 𝛼𝛼 
as a linear function 𝛼𝛼(𝐶𝐶) = 𝛼𝛼1𝐶𝐶 + 𝛼𝛼0 depending on the nanoparticle concentration 𝐶𝐶 in the aqueous 
phase. 

Based on the CFT (see Eq. 1 and Eq. 2) and following (7, 19) to include physicochemical adsorption, we 
propose the conservation law for nanoparticle transport as (Eq. 11) 

𝜙𝜙 ∂𝑡𝑡(𝐶𝐶𝑆𝑆𝑤𝑤 + 𝑎𝑎 + 𝜎𝜎) + ∂𝑥𝑥(𝐶𝐶𝑢𝑢𝑤𝑤) = 0, (11) 

where 𝑎𝑎 is the concentration of nanoparticles adsorbed on the rock surface. Considering low suspension 
concentration, we use Henry’s (linear) adsorption isotherm, i.e., 𝑎𝑎 = 𝛾𝛾𝛾𝛾. The nanoparticle capture rate is 
assumed to be proportional to the dispersion-free nanoparticles flux (∂𝑡𝑡𝜎𝜎 = 𝜆𝜆(𝜎𝜎)𝐶𝐶𝑢𝑢𝑤𝑤), and the filtration 
function is constant in time and space (𝜆𝜆(𝜎𝜎) = 𝜆𝜆). 

The nanoparticles retained by mechanical entrapment change the relative permeabilities of each phase, 
which decrease monotonically with 𝜎𝜎 as (5) (Eq. 12): 

𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤 ,𝜎𝜎) =
𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤)

(1 + 𝜃𝜃𝑤𝑤𝜎𝜎) , 𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤 ,𝜎𝜎) =
𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤)
�1 + 𝜃𝜃𝑓𝑓𝜎𝜎�

, (12) 
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where 𝜃𝜃𝑤𝑤  and 𝜃𝜃𝑓𝑓  are positive constants called the permeability-reduction factors. Adsorption is 
considered low enough not to cause changes in permeability. 

Consider the overall flux as the total superficial velocity of water and foam 𝑈𝑈(𝑡𝑡) = 𝑢𝑢𝑤𝑤 + 𝑢𝑢𝑓𝑓, which is 
independent of 𝑥𝑥  due to the incompressibility of both phases. The water fractional flow function is 
defined as 𝑓𝑓𝑤𝑤 = 𝑢𝑢𝑤𝑤/𝑈𝑈. Following the introduction of the fractional flow theory for two-phase flow of 
non-Newtonian fluids (4), 𝑓𝑓𝑤𝑤 becomes a function of the mobility ratio and the overall velocity, with (Eq. 
13) 

𝑓𝑓𝑤𝑤 = 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤,𝐶𝐶,𝜎𝜎,𝑈𝑈). (13) 
The problem is described by the following system of five unknowns (𝑆𝑆𝑤𝑤,𝐶𝐶,𝑃𝑃,𝑛𝑛, and 𝜎𝜎) (Eqs. 14, 15, 16, 
17, 18): 

𝜙𝜙 ∂𝑡𝑡𝑆𝑆𝑤𝑤 + 𝑈𝑈 ∂𝑥𝑥𝑓𝑓𝑤𝑤 = 0, (14) 

𝑈𝑈 = −𝑘𝑘�𝑘𝑘𝑟𝑟𝑟𝑟/𝜇𝜇𝑤𝑤 + 𝑘𝑘𝑟𝑟𝑟𝑟/𝜇𝜇𝑓𝑓� ∂𝑥𝑥𝑃𝑃, (15) 

𝜙𝜙 ∂𝑡𝑡[𝑛𝑛(1 − 𝑆𝑆𝑤𝑤)] + 𝑈𝑈 ∂𝑥𝑥[𝑛𝑛(1 − 𝑓𝑓𝑤𝑤)] = 𝜙𝜙(1 − 𝑆𝑆𝑤𝑤)𝐾𝐾𝑔𝑔(𝑛𝑛∞ − 𝑛𝑛), (16) 

𝜙𝜙 ∂𝑡𝑡(𝐶𝐶𝑆𝑆𝑤𝑤 + 𝑎𝑎 + 𝜎𝜎) + 𝑈𝑈∂𝑥𝑥(𝐶𝐶𝑓𝑓𝑤𝑤) = 0, (17) 

∂𝑡𝑡𝜎𝜎 = 𝜆𝜆(𝜎𝜎)𝑈𝑈𝑈𝑈𝑓𝑓𝑤𝑤. (18) 

The initial conditions corresponding to the water-saturated core with no bubbles or particles are given 
by (Eq. 19): 

𝐶𝐶 = 0,𝜎𝜎 = 0,𝑛𝑛 = 0, 𝑆𝑆𝑤𝑤 = 1,  (19) 

and the inlet boundary conditions corresponding to the co-injection of a chemical solution (water with 
surfactant and nanoparticles) and gas are (Eq. 20): 

𝐶𝐶 = 𝐶𝐶𝐼𝐼 ,𝑃𝑃 = 𝑃𝑃𝐼𝐼 ,𝑛𝑛 = 0. (20) 

3. SOLVING THE NANOPARTICLE-STABILIZED FOAM STEADY STATE 
MODEL 

The system composed of Equation 14 to Equation 18 is quite complex to allow an analytical solution. 
Therefore, in this section, we study the steady-state case, with the flow velocities 𝑢𝑢𝑤𝑤 and 𝑢𝑢𝑓𝑓 independent 
of 𝑥𝑥. 

We divide this section into two parts. First, we investigate the foam flow model (without nanoparticles) 
at steady-state, presenting an analytical solution. Analogously, we study the nanoparticle-stabilized foam 
flow model, obtaining a semi-analytical solution. 

3.1. Foam flow model at steady-state 
Consider normalized water saturation 𝑆𝑆 = (𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑤𝑤)/(1 − 𝑆𝑆𝑤𝑤𝑤𝑤) . At steady-state and without 
nanoparticles, the Darcy velocities and bubble balance equation associated with the system of Equation 
14 to Equation 18 are given by (Eqs. 21, 22, 23): 

𝑢𝑢𝑤𝑤 = −𝑘𝑘
𝑘𝑘𝑟𝑟𝑟𝑟0

𝜇𝜇𝑤𝑤
𝑆𝑆𝛽𝛽𝑑𝑑𝑥𝑥𝑃𝑃, (21) 

𝑢𝑢𝑓𝑓 = −𝑘𝑘
𝑘𝑘𝑟𝑟𝑟𝑟0

𝜇𝜇𝑔𝑔 + 𝛼𝛼0𝑛𝑛𝑢𝑢𝑓𝑓𝑚𝑚−1 (1 − 𝑆𝑆)3+
2
𝛽𝛽𝑑𝑑𝑥𝑥𝑃𝑃, (22) 

𝑑𝑑𝑥𝑥𝑛𝑛 = 𝜙𝜙𝑢𝑢𝑓𝑓−1(1 − 𝑆𝑆𝑤𝑤𝑤𝑤)(1 − 𝑆𝑆)𝐾𝐾𝑔𝑔(𝑛𝑛∞ − 𝑛𝑛). (23) 

Let us consider the constant 𝐴𝐴 = �𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤𝑘𝑘𝑟𝑟𝑟𝑟0 �/�𝑢𝑢𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟0 �. The solution procedure follows four steps. 

Step 1: Equate pressure gradient from Equation 21 and Equation 22, to obtain an expression describing 
the foam texture (Eq. 24): 

https://doi.org/10.69631/ipj.v2i1nr57
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𝑛𝑛(𝑥𝑥) =
𝐴𝐴𝑆𝑆−𝛽𝛽(1 − 𝑆𝑆)3+

2
𝛽𝛽 − 𝜇𝜇𝑔𝑔

𝛼𝛼𝑢𝑢𝑓𝑓𝑚𝑚−1 . (24) 

Step 2: Substitute Equation 24 and its derivative in relation to 𝑥𝑥  into Equation 23, to obtain an 
expression for 𝑑𝑑𝑥𝑥𝑆𝑆 (Eq. 25): 

𝑑𝑑𝑥𝑥𝑆𝑆 =
�𝐴𝐴𝑆𝑆−𝛽𝛽(1 − 𝑆𝑆)3+

2
𝛽𝛽 − 𝜇𝜇𝑔𝑔 − 𝛼𝛼𝑢𝑢𝑓𝑓𝑚𝑚−1𝑛𝑛∞� (1 − 𝑆𝑆)

𝛽𝛽𝑆𝑆−𝛽𝛽−1(1 − 𝑆𝑆)3+
2
𝛽𝛽 + �3 + 2

𝛽𝛽� 𝑆𝑆
−𝛽𝛽(1 − 𝑆𝑆)2+

2
𝛽𝛽

𝜙𝜙𝐾𝐾𝑔𝑔(1 − 𝑆𝑆𝑤𝑤𝑤𝑤)
𝐴𝐴𝑢𝑢𝑓𝑓

. (25) 

Step 3: Assuming that there is no bubble at the inlet (𝑛𝑛(0) = 0), from Equation 24 we obtain (Eq. 26): 

𝑆𝑆−𝛽𝛽(1 − 𝑆𝑆)3+
2
𝛽𝛽 − 𝜇𝜇𝑔𝑔/𝐴𝐴 = 0. (26) 

This is the transcendental equation for 𝑆𝑆(𝑥𝑥 = 0) = 𝑆𝑆𝐼𝐼 , allowing us to determine the inlet boundary 
condition for water saturation. 

Step 4: Distribution 𝑛𝑛(𝑥𝑥) is calculated by Equation 24 for known profile 𝑆𝑆(𝑥𝑥). The pressure profile is 
obtained by (Eq. 27): 

𝑃𝑃(𝑥𝑥) = 𝑃𝑃𝐼𝐼 −
𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0

� 𝑆𝑆
𝑥𝑥

0
(𝑥𝑥)−𝛽𝛽𝑑𝑑𝑑𝑑. (27) 

Note that the solution 𝑆𝑆(𝑥𝑥) can be obtained by separation of variables (Eq. 28), where the function 𝑔𝑔(𝑆𝑆) 
is defined as the right side of Equation 25. 

�
1

𝑔𝑔(𝑆𝑆)

𝑆𝑆(𝑥𝑥)

𝑆𝑆𝐼𝐼
 𝑑𝑑𝑑𝑑 = 𝑥𝑥, (28) 

3.2. Foam flow model with nanoparticles at steady-state 
Consider normalized water saturation 𝑆𝑆 = (𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑤𝑤)/(1 − 𝑆𝑆𝑤𝑤𝑤𝑤). At steady-state, the Darcy velocities and 
bubble balance equation associated with the system of Equations 14 to 18 are given by (Eqs. 29, 30, 
and 31): 

𝑢𝑢𝑤𝑤 = −
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0 𝑆𝑆𝛽𝛽

𝜇𝜇𝑤𝑤(1 + 𝜃𝜃𝑤𝑤𝜎𝜎) 𝑑𝑑𝑥𝑥𝑃𝑃, (29) 

𝑢𝑢𝑓𝑓 = −
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0 (1 − 𝑆𝑆)3+

2
𝛽𝛽

�𝜇𝜇𝑔𝑔 + (𝛼𝛼1𝐶𝐶 + 𝛼𝛼0)𝑛𝑛𝑢𝑢𝑓𝑓𝑚𝑚−1��1 + 𝜃𝜃𝑓𝑓𝜎𝜎�
𝑑𝑑𝑥𝑥𝑃𝑃, (30) 

𝑑𝑑𝑥𝑥𝑛𝑛 = 𝜙𝜙𝑢𝑢𝑓𝑓−1(1 − 𝑆𝑆𝑤𝑤𝑤𝑤)(1 − 𝑆𝑆)𝐾𝐾𝑔𝑔(𝑛𝑛∞ − 𝑛𝑛). (31) 

Since adsorption only delays the front propagation of the nanoparticle, it will have no impact on this 
steady-state analysis. 

According to the CFT, the solution for 𝐶𝐶 and 𝜎𝜎 is given by Equation 3; see (5) for details. As we are 
looking for the stationary solution, using a constant 𝛤𝛤 , we approximate the retained nanoparticle 
concentration as (Eq. 32): 

𝜎𝜎(𝑥𝑥) = 𝛤𝛤𝛤𝛤(𝑥𝑥) = 𝛤𝛤𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆 , (32) 

which is valid for a limited time. Since 𝐶𝐶 varies along the core, we still consider mechanical entrapment, 
with the retained concentration changing with 𝑥𝑥. 

Analogous to the previous case (Subsection 3.1), the solution procedure follows four steps. 

Step 1: Equate pressure gradient from Equation 29 and Equation 30, to obtain an expression describing 
the foam texture (Eq. 33) where 𝐴𝐴 = �𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤𝑘𝑘𝑟𝑟𝑟𝑟0 �/�𝑢𝑢𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟0 �. 
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𝑛𝑛(𝑥𝑥) =
𝐴𝐴�1 + 𝜃𝜃𝑤𝑤𝛤𝛤𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆

1 + 𝜃𝜃𝑓𝑓𝛤𝛤𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆
� (1 − 𝑆𝑆)3+

2
𝛽𝛽𝑆𝑆−𝛽𝛽 − 𝜇𝜇𝑔𝑔

(𝛼𝛼1𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆 + 𝛼𝛼0)𝑢𝑢𝑓𝑓𝑚𝑚−1 , (33) 

Step 2: Substitute Equation 33 and its derivative in relation to 𝑥𝑥  into Equation 31, to obtain an 
expression for 𝑑𝑑𝑥𝑥𝑆𝑆 (Eq. 34): 

𝑑𝑑𝑥𝑥𝑆𝑆 = − �
𝛼𝛼1𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆 + 𝛼𝛼0

𝑢𝑢𝑓𝑓1−𝑚𝑚
�
𝛼𝛼1𝐶𝐶𝐼𝐼𝜆𝜆𝑢𝑢𝑓𝑓1−𝑚𝑚𝑒𝑒−𝜆𝜆𝜆𝜆 �𝜇𝜇𝑔𝑔 − 𝐴𝐴𝐴𝐴(1 − 𝑆𝑆)�

(𝛼𝛼1𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆 + 𝛼𝛼0)2

−
𝜙𝜙𝐾𝐾𝑔𝑔(1 − 𝑆𝑆𝑤𝑤𝑤𝑤)(𝑆𝑆 − 1)

𝑢𝑢𝑓𝑓
�𝑛𝑛∞ +

𝑢𝑢𝑓𝑓1−𝑚𝑚 �𝜇𝜇𝑔𝑔 − 𝐴𝐴𝐴𝐴(1 − 𝑆𝑆)�

𝛼𝛼1𝐶𝐶𝐼𝐼𝑒𝑒−𝜆𝜆𝜆𝜆 + 𝛼𝛼0
��

+
𝐴𝐴𝐴𝐴(1 − 𝑆𝑆)𝜆𝜆𝑒𝑒𝜆𝜆𝜆𝜆𝛤𝛤�𝜃𝜃𝑓𝑓 − 𝜃𝜃𝑤𝑤�𝐶𝐶𝐼𝐼

(𝑒𝑒𝜆𝜆𝜆𝜆 + 𝛤𝛤𝜃𝜃𝑤𝑤𝐶𝐶𝐼𝐼)�𝑒𝑒𝜆𝜆𝜆𝜆 + 𝛤𝛤𝜃𝜃𝑓𝑓𝐶𝐶𝐼𝐼�
� ⋅ �𝐴𝐴𝐴𝐴 �

1 − 𝑆𝑆
𝑆𝑆

𝛽𝛽 + 3 +
2
𝛽𝛽
��

−1

,

 (34) 

where (Eq. 35): 

𝐵𝐵 = 𝐵𝐵�𝑥𝑥, 𝑆𝑆(𝑥𝑥)� =
(1 − 𝑆𝑆)2+

2
𝛽𝛽

𝑆𝑆𝛽𝛽
�
𝑒𝑒𝜆𝜆𝜆𝜆 + 𝛤𝛤𝜃𝜃𝑤𝑤𝐶𝐶𝐼𝐼

𝑒𝑒𝜆𝜆𝜆𝜆 + 𝛤𝛤𝜃𝜃𝑓𝑓𝐶𝐶𝐼𝐼
�. (35) 

Step 3: Assuming that there is no bubble at the inlet (𝑛𝑛(0) = 0), from Equation 33 we obtain Equation 
36: 

(1 − 𝑆𝑆)3+
2
𝛽𝛽𝑆𝑆−𝛽𝛽 −

𝜇𝜇𝑔𝑔
𝐴𝐴
�

1 + 𝜃𝜃𝑓𝑓𝛤𝛤𝐶𝐶𝐼𝐼

1 + 𝜃𝜃𝑤𝑤𝛤𝛤𝐶𝐶𝐼𝐼
� = 0, (36) 

allowing us to determine the inlet boundary condition 𝑆𝑆(𝑥𝑥 = 0) = 𝑆𝑆𝐼𝐼 for water saturation.  

Step 4: Distribution 𝑛𝑛(𝑥𝑥) is calculated by Equation 33 for known profile 𝑆𝑆(𝑥𝑥). The pressure profile is 
obtained by Equation 37: 

𝑃𝑃(𝑥𝑥) = 𝑃𝑃𝐼𝐼 −
𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0

� (1 + 𝜃𝜃𝑤𝑤𝛤𝛤𝛤𝛤)
𝑥𝑥

0
𝑆𝑆−𝛽𝛽𝑑𝑑𝑑𝑑. (37) 

Note that the right side of Equation 34 depends on 𝑥𝑥 , so the solution 𝑆𝑆(𝑥𝑥) cannot be obtained by 
separation of variables as in the previous case. Therefore, we find the saturation profile numerically. 

4. IMPACT OF NANOPARTICLES ON FOAM FLOW 

This section presents the results obtained by using the steady-state solution developed in Section 3. We 
use the ODE45 solver from MATLAB to obtain the numerical water saturation profiles. Given the absence 
of comprehensive experimental data for nanoparticle-stabilized foam flow that would allow us to fit both 
the SBP and the nanoparticle retention model, we use different data for each part. Model calibration is 
detailed below. 

4.1. Model calibration 
The physical parameters used to calibrate the SBP model were sourced from (37), where a core-flooding 
experiment was conducted to study nitrogen-foam flow in natural sandstone without oil.  As for the 
parameters related to the effect of nanoparticles on foam flow, we follow (9). In this work, the foam is in 
local equilibrium and changes with silica nanoparticle concentration based on literature experimental 
data as 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚(𝐶𝐶) = 2531.80𝐶𝐶 + 802.58  mm−3 (for 0 ≤ 𝐶𝐶 ≤ 1  representing nanoparticle concentration 
between 0.0 and 1.0 wt% of the total aqueous phase). Here, we consider a bubble population balance 
model, so the foam texture varies along the core even at steady-state conditions. Therefore, we adjust 
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the models through the foam apparent viscosity, adopting 𝑛𝑛∞ = 802.58  mm−3, 𝛼𝛼0 = 5.8 ⋅ 10−16 
Pa·s2/3m10/3, and 𝛼𝛼1 = (2531.80𝛼𝛼0)/𝑛𝑛∞ Pa·s2/3m10/3. Table 1 summarizes the model parameters.  

To calibrate the nanoparticle retention model, we follow (25), where a core-flooding experiment was 
conducted to investigate the transport of silica nanoparticles in dolomite rocks. The experiments were 
carried out on several core samples with a diameter of 3.8 cm, an average length of 10 cm, and absolute 
permeability ranging from 23 to 40 mD. Nanofluids with 0.1 and 0.5 wt% SiO2 nanoparticle 
concentrations were tested with different ionic strengths and ion types (NaCl, MgCl2). The experiment 
was analyzed using deep-bed filtration theory, yielding the filtration (𝜆𝜆) and the permeability-reduction 
(𝜃𝜃𝑤𝑤) coefficients under these varying conditions.  In the present study, we only consider the variations in 
nanoparticle (NP) and salt concentrations, as shown in Table 2. We included two artificial nanofluids 
with 𝐶𝐶𝐼𝐼 = 1.0 % wt% (NF5 and NF6). Since this nanoparticle concentration was not experimentally 
investigated in (25), we use the same values of 𝜆𝜆 and 𝜃𝜃𝑤𝑤 obtained for 𝐶𝐶𝐼𝐼 = 0.5% wt%.  This assumption 
may slightly overestimate or underestimate the positive effect of nanoparticles on foam flow, as 
increasing concentration raises foam viscosity without altering retention-related parameters. Additional 
experimental data is needed for more accurate estimates.  

Note that the permeability-reduction factor 𝜃𝜃𝑤𝑤 was obtained for a single-phase model in (25).  In two-
phase models involving the injection of an aqueous solution with suspended particles into an oil 
reservoir, permeability reduction is typically considered only for the aqueous phase. However, in this 
study, we examine the co-injection (or alternate injection) of gas and an aqueous solution with surfactant  

  

Table 1: Model parameters used in this work (9, 37). 
Symbol Parameter Value 
𝜶𝜶𝟎𝟎 (Pa⋅s𝟐𝟐/𝟑𝟑m𝟏𝟏𝟏𝟏/𝟑𝟑) Viscosity proportionality const. 5.8 ⋅ 10−16 
𝜶𝜶𝟏𝟏 (Pa⋅s𝟐𝟐/𝟑𝟑m𝟏𝟏𝟏𝟏/𝟑𝟑) Viscosity proportionality const. 1.83 ⋅ 10−15 
𝝓𝝓 (−) Porosity 0.21 

𝒌𝒌 (m𝟐𝟐) Absolute permeability 2.5 ⋅ 10−12 
𝜷𝜷 (−) Pore-size-distribution parameter 5.0 

𝝁𝝁𝒈𝒈 (Pa⋅s) Gas viscosity 1.8 ⋅ 10−5 
𝝁𝝁𝒘𝒘 (Pa⋅s) Water viscosity 1.0 ⋅ 10−3 
𝒎𝒎 (−) Power law viscosity exponent 2/3 

𝒌𝒌𝒓𝒓𝒓𝒓𝟎𝟎  (−) Gas endpoint relative perm. 1.0 

𝒌𝒌𝒓𝒓𝒓𝒓𝟎𝟎  (−) Water endpoint relative perm. 0.75 

𝒖𝒖𝒘𝒘 (m/s) Water velocity 1.45 ⋅ 10−6 
𝒖𝒖𝒇𝒇 (m/s) Gas velocity 1.47 ⋅ 10−5 
𝑺𝑺𝒘𝒘𝒘𝒘 (−) Connate water saturation 0.10 

𝑺𝑺𝒈𝒈𝒈𝒈 (−) Residual gas saturation 0 

𝑲𝑲𝒈𝒈 (s−𝟏𝟏) Bubble generation rate 0.1 

𝒏𝒏∞ (mm−𝟑𝟑) Equilibrium foam texture 802.58 

𝑳𝑳 (m) Core length 0.17 

𝑫𝑫 (m) Core diameter 0.038 
 

Table 2: Nanoparticle retention parameters used in this work (25). 
Nanofluid SiO𝟐𝟐 (wt%) NaCl (ppm) 𝝀𝝀 (m−𝟏𝟏) 𝜽𝜽𝒘𝒘 (−) 
NF1 0.1 0 1.51 2013 
NF2 0.1 50000 2.95 3269 
NF3 0.5 0 1.86 1312 
NF4 0.5 50000 5.33 913 
NF5 1.0 0 1.86 1312 
NF6 1.0 50000 5.33 913 
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a) NF1 b) NF2 

Figure 3: Steady-state suspended (𝐶𝐶) and retained (𝜎𝜎) nanoparticle concentration for 𝐶𝐶𝐼𝐼 = 0.1 wt%, 
calculated by Equation 32. The dashed lines show the dynamic retained nanoparticle concentration 
at 2 PVs following the CFT (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶), calculated by Equation 3. 

  
a) NF3 b) NF4 

Figure 4: Steady-state suspended (𝐶𝐶) and retained (𝜎𝜎) nanoparticle concentration for 𝐶𝐶𝐼𝐼 = 0.5 wt%, 
calculated by Equation 32. The dashed lines show the dynamic retained nanoparticle concentration 
at 2 PVs following the CFT (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶), calculated by Equation 3. 
 

  
a) NF5 b) NF6 

Figure 5: Steady-state suspended (𝐶𝐶) and retained (𝜎𝜎) nanoparticle concentration for 𝐶𝐶𝐼𝐼 = 1.0 wt%, 
calculated by Equation 32. The dashed lines show the dynamic retained nanoparticle concentration 
at 2 PVs following the CFT (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶), calculated by Equation 3. 
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and nanoparticles. In this scenario, the retained particles influence the relative permeability of both 
phases. To be more realistic, we assume that this impact varies between phases, with 𝜃𝜃𝑓𝑓 = 0.5𝜃𝜃𝑤𝑤 as the 
equivalent parameter for gas relative permeability. This hypothesis is based on the fact that the presence 
of non-wetting fluids leads to lower permeability reduction due to particle retention, as there is 
incomplete accessibility of the available surface and pores to particles transported by the water phase 
(49).  

Additionally, we consider 𝛤𝛤 = 0.3𝜆𝜆 to calculate the retained nanoparticle concentration. This value was 
chosen to align the simplified (steady-state) 𝜎𝜎 solution proposed by Equation 32 with the classical 
(dynamic) CFT solution calculated by Equation 3 at two injected pore volumes (PV); see Figure 3, 4, and 
5. Note that, in the absence of NaCl (NF1, NF3, and NF5), the decay in the suspended and retained 
concentration profiles is similar for all nanoparticle concentrations. However, with NaCl (NF2, NF4, and 
NF6), the decay becomes more pronounced as nanoparticle concentration increases.  

The co-injection of the nanofluid and gas can lead to nanoparticle entrapment on the rock surface and 
in pores accessible to both aqueous and gaseous phases, thereby reducing the relative permeabilities of 
water and gas. By calculating 𝑘𝑘𝑟𝑟𝑟𝑟 and 𝑘𝑘𝑟𝑟𝑟𝑟 using Equation 12, we obtain the curves presented in Figure 
6 for nanofluids without NaCl (NF1, NF3, and NF5) and with NaCl (NF2, NF4, and NF6). This figure also 
displays the original curves with no particle retention (equivalent to water injection without 
nanoparticles, i.e., 𝐶𝐶𝐼𝐼 = 0). Note that, for both cases without and with NaCl, the water permeability-
reduction coefficients decrease (or remain the same) as the injected nanoparticle concentration 
increases; see Table 2. Even so, the endpoints of 𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤 ,𝜎𝜎) and 𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤 ,𝜎𝜎) decrease with increasing  𝐶𝐶𝐼𝐼. 
This occurs because σ varies with 𝐶𝐶𝐼𝐼 and 𝜆𝜆. In addition, the presence of salt increases particle retention 
(see Figs. 3, 4, and 5), resulting in a greater reduction in gas relative permeability compared to the case 
without salt. That is, the endpoints of 𝑘𝑘𝑟𝑟𝑟𝑟 for NF2, NF4, and NF6 are much lower than for NF1, NF3, and 
NF5. As for the water relative permeability, the presence of salt is only significant for the lowest 
nanoparticle concentration (the endpoint of 𝑘𝑘𝑟𝑟𝑟𝑟 for NF2 is notably lower than for NF1).  

4.2. Nanoparticle-stabilized foam flow 
The semi-analytical solution for nanoparticle-stabilized foam flow at steady-state, developed in 
Subsection 3.2, allows us to obtain the water saturation, apparent viscosity, and pressure drop profiles 
for each nanofluid. To compare these results with foam flow (without nanoparticles), we use the steady-
state analytical solution developed in Subsection 3.1.  

Before presenting the results for nanofluids 1-6, let us examine the effect of nanoparticles on foam flow 
while neglecting particle retention (i.e., 𝜆𝜆 = 0). Figure 7 shows the solution profiles. In panel (c) of Figure 
7, 𝑃𝑃𝐿𝐿 = 𝑃𝑃(𝐿𝐿) is the pressure at the core’s end. Therefore, 𝑃𝑃(𝑥𝑥) − 𝑃𝑃𝐿𝐿 corresponds to the pressure drop 
profile, while 𝛥𝛥𝛥𝛥 = 𝑃𝑃(0) − 𝑃𝑃𝐿𝐿 denotes the total pressure drop, as shown in panel (d) for each nanofluid. 
The addition of nanoparticles increases the foam’s apparent viscosity, resulting in a reduction in water 
saturation along the core and an increase in pressure drop. Moreover, this effect becomes more 
pronounced as the concentration of injected nanoparticles increases. Lower steady-state water 
saturation represents better sweeping efficiency since more water has been swept from the porous 
medium. 

Now, let us analyze the complete model, taking into account particle retention for the case without NaCl 
(NF1, NF3, and NF5); see Figure 8. From the saturation profiles, we observe that the water saturation 
along the core is slightly higher (for all nanofluids) compared to the case without retention. Additionally, 
there is a decay in the foam’s apparent viscosity profiles, which intensifies as the core’s end is 
approached. These two results are associated with the loss of nanoparticles due to retention, which 
reduces their effect on the foam’s apparent viscosity and, consequently, reduces the sweep efficiency 
compared to the case without retention. On the other hand, the pressure drop shows a significant 
increase, which aligns with the reduction in relative permeabilities caused by the retained particles.  For 
the case with NaCl (NF2, NF4, and NF6), the results are similar; see Figure 9. However, as this case 
represents high ionic strength, nanoparticle retention is higher, leading to a more significant reduction 
in sweep efficiency and a more pronounced increase in pressure drop.  

https://doi.org/10.69631/ipj.v2i1nr57


Danelon et al  Page 12 of 22  
 

 
InterPore Journal, Vol. 2, Issue 1, 2025     https://doi.org/10.69631/ipj.v2i1nr57  

  

  
  
a) Nanofluids without NcCl. b) Nanofluids with NcCl. 

Figure 6: Relative permeability for water (𝑘𝑘𝑟𝑟𝑟𝑟 , blue curves) and gas (𝑘𝑘𝑟𝑟𝑟𝑟 , green curves) after 
nanoparticle injection. The solid lines represent the original relative permeabilities (without 
nanoparticles retention). See Table 2 for the description of each nanofluid. 
 

  
a) Water saturation. b) Foam apparent viscosity. 

 

 
 
 
 
 
 
Nanofluid ∆𝑷𝑷 (𝒌𝒌𝒌𝒌𝒌𝒌) 
𝑪𝑪𝟏𝟏 = 𝟎𝟎 61.18 
𝑪𝑪𝟏𝟏 = 𝟎𝟎.1% 75.89 
𝑪𝑪𝟏𝟏 = 𝟎𝟎.𝟓𝟓% 130.20 
𝑪𝑪𝟏𝟏 = 𝟏𝟏.𝟎𝟎% 192.77 

 

c) Pressure drop. d) Total pressure drop. 

Figure 7: Steady-state solution profiles for foam flow (without nanoparticles, 𝐶𝐶𝐼𝐼 = 0 ) and 
nanoparticle- stabilized foam flow (𝐶𝐶𝐼𝐼 = 0.1, 0.5, and 1.0 wt%) neglecting particle retention (𝜆𝜆 = 0). 
In panel (c), 𝑃𝑃(𝑥𝑥) − 𝑃𝑃𝐿𝐿  corresponds to the pressure drop profile, while 𝛥𝛥𝛥𝛥 = 𝑃𝑃(0) − 𝑃𝑃𝐿𝐿  denotes the 
total pressure drop shown in panel (d). 
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Remark - Section 4.1: Note that nanoparticle loss due to retention has a clear negative impact on foam 
flow, as it diminishes the positive effect of nanoparticles in increasing the foam’s apparent viscosity. 
Conversely, analyzing the impact of the resulting permeability reduction is more complex. This reduction 
can lead to positive outcomes, such as reducing channeling (preferential paths), as well as negative 
consequences, such as a decline in injectivity. Opposite effects of permeability reduction can also be 
observed in the pressure drop, as detailed in Section 6 ahead. 

Remark - Section 4.2: In both laboratory and field tests, as the foam’s apparent viscosity increases, 
higher injection rates are required to maintain efficient foam flow.  However, equipment capacity and 
rock resistance impose a limit on the injection pressure. Thus, although the high-viscosity nature of foam 
solutions enhances reservoir sweep efficiency by controlling gas mobility, it reduces injectivity and can 
even make flow impossible. In this work, we do not establish an injection pressure limit or study injectivity 
decline. The nanoparticle-stabilized foam injection study presented here involves high pressure drop 
values (see item (c) of Figs. 7, 8, and 9), which would be impractical for field applications; however, these 
pressure values are compatible with laboratory experiments.  

5. COMPARING STEADY-STATE AND DYNAMIC NANOPARTICLE-
ASSISTED FOAM FLOW MODELS 

Let us compare the steady-state model introduced in Section 3 with a dynamic nanoparticle-assisted 
foam flow model (9). Using definitions analogous to what was presented in Section 2, in (9) the following 
system is investigated (Eq. 38, Eq. 39):  

  
a) Water saturation. b) Foam apparent viscosity. 

 

 
 
 
 
 
 
Nanofluid ∆𝑷𝑷 (𝒌𝒌𝒌𝒌𝒌𝒌) 
𝑪𝑪𝟏𝟏 = 𝟎𝟎 61.18 
NF1 80.29 
NF2 158.84 
NF3 283.74 

 

c) Pressure drop. d) Total pressure drop. 

Figure 8: Steady-state solution profiles for foam flow (without nanoparticles, 𝐶𝐶𝐼𝐼 = 0 ) and 
nanoparticle- stabilized foam flow accounting for particle retention in the absence of NaCl (NF1, NF3, 
and NF5). In panel (c), 𝑃𝑃(𝑥𝑥) − 𝑃𝑃𝐿𝐿  corresponds to the pressure drop profile, while 𝛥𝛥𝛥𝛥 = 𝑃𝑃(0) − 𝑃𝑃𝐿𝐿  
denotes the total pressure drop shown in panel (d). 
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𝜙𝜙𝜕𝜕𝑡𝑡𝑆𝑆𝑤𝑤 + 𝑈𝑈𝜕𝜕𝑥𝑥𝑓𝑓𝑤𝑤 = 0, (38) 
𝜙𝜙𝜕𝜕𝑡𝑡(𝐶𝐶𝑆𝑆𝑤𝑤) + 𝑈𝑈𝜕𝜕𝑥𝑥(𝐶𝐶𝑓𝑓𝑤𝑤) = 0. (39) 

Foam is in local equilibrium and its effect was included by reducing the gaseous phase mobility as 
𝑘𝑘𝑟𝑟𝑟𝑟(𝑆𝑆𝑤𝑤 ,𝐶𝐶) = 𝑘𝑘𝑟𝑟𝑟𝑟0 (𝑆𝑆𝑤𝑤)/(ℬ𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚(𝐶𝐶) + 1), where 𝑘𝑘𝑟𝑟𝑟𝑟0  is the end-point gas foam-free relative permeability 
and ℬ  is a mobility parameter defined as ℬ = 𝛼𝛼0/�𝑢𝑢𝑓𝑓𝑚𝑚−1𝜇𝜇𝑔𝑔� . The equilibrium foam texture 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚(𝐶𝐶) 
changes with nanoparticle concentration.  

In (9), the authors investigated the existence of a global solution of the system of Equation 38 and 
Equation 39 as a sequence of waves following the Conservation Laws Theory, classifying the phase-
plane 𝑆𝑆𝑤𝑤- 𝐶𝐶 according to six solution types. Nevertheless, particle retention was not included in this 
model. To appropriately compare the results, we analyze Equation 29 to Equation 31 without retention 
(𝜆𝜆 = 0), which yields a specific case of the solution developed in Subsection 3.2 for the complete system. 
In addition, we consider the dynamic model solution for large times after all waves have reached the 
core’s end.  

In this section, we will refer to the model proposed in this paper as the PB (population balance) model 
and the one proposed in (9) as the LE (local equilibrium) model. For the PB model, the initial and 
boundary conditions are described by Equation 19 and Equation 20.  For the LE model, in which we 
have only two unknowns (𝑆𝑆𝑤𝑤 and 𝐶𝐶), we also consider the core to be initially saturated with no particles 
(𝑆𝑆𝑤𝑤(𝑥𝑥, 0) = 1 , 𝐶𝐶(𝑥𝑥, 0) = 0)  and with the same injected nanoparticle concentration (𝐶𝐶(0, 𝑡𝑡) = 𝐶𝐶𝐼𝐼 ). 
However, the injected water saturation 𝑆𝑆𝑤𝑤𝐼𝐼  is chosen as the saturation at the core outlet obtained by the 
PB model rather than being set as a boundary condition. 

  
a) Water saturation. b) Foam apparent viscosity. 

 

 
 
 
 
 
 
Nanofluid ∆𝑷𝑷 (𝒌𝒌𝒌𝒌𝒌𝒌) 
𝑪𝑪𝟏𝟏 = 𝟎𝟎 61.18 
NF2 89.70 
NF4 160.14 
NF6 296.12 

 

c) Pressure drop. d) Total pressure drop. 

Figure 9: Steady-state solution profiles for foam flow (without nanoparticles, 𝐶𝐶𝐼𝐼 = 0 ) and 
nanoparticle- stabilized foam flow accounting for particle retention in the presence of NaCl (NF2, 
NF4, and NF6). In panel (c), 𝑃𝑃(𝑥𝑥) − 𝑃𝑃𝐿𝐿  corresponds to the pressure drop profile, while 𝛥𝛥𝛥𝛥 = 𝑃𝑃(0) −
𝑃𝑃𝐿𝐿  denotes the total pressure drop shown in panel (d). 
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Figure 10 compares each model’s water saturation, foam apparent viscosity, and pressure drop profiles 
at steady-state for 𝐶𝐶𝐼𝐼 = 1,0 wt%. The blue and gray lines show results obtained with the same fluid 
velocities presented in Table 1 (𝑢𝑢𝑤𝑤 = 1.45 ⋅ 10−6 m/s and 𝑢𝑢𝑓𝑓 = 1.47 ⋅ 10−5), while the red and yellow 
lines represent results for a higher gas velocity (𝑢𝑢𝑓𝑓 = 3.0 ⋅ 10−5 m/s). There is a good agreement between 
the results, even considering no bubbles at 𝑥𝑥 = 0 in the PB model. That is, foam is generated very close 
to the core’s inlet, and the bubble density can be well approximated by an equilibrium value 𝑛𝑛∞. It is also 
possible to observe changes in the solution according to the foam velocity due to the non-Newtonian 
behavior of the foam. 

To obtain the results of Figure 10, we considered a high bubble generation rate (𝐾𝐾𝑔𝑔 = 0.1 𝑠𝑠−1). Figure 
11 shows the solution for a lower value (𝐾𝐾𝑔𝑔 = 0.02 s−1). In this case, the LE model does not describe the 
foam behavior as well at the core’s inlet, since the foam is generated further along the core.  

6. Summary and Discussion 
We proposed a new model for nanoparticle-stabilized foam flow in porous media, considering retention 
and the resulting permeability reduction. Analyzing the steady-state simplification of the model, we 
derived an analytical solution for the foam flow without nanoparticles and a semi-analytical solution for 
the complete case of foam assisted by nanoparticles. In this section, we examine our results in greater 
detail; we discuss further research to enhance the understanding of nanoparticle-stabilized foam flow. 

  
a) Water saturation. b) Foam apparent viscosity. 

 

 

c) Pressure drop.  
Figure 10: Comparison between steady-state solution of the population balance (PB) and local 
equilibrium (LE) models for 𝐶𝐶𝐼𝐼 = 1.0 wt%. The results consider two foam velocities. Retention was 
neglected in the PB model (𝜆𝜆 = 0) and 𝐾𝐾𝑔𝑔 = 0.1 s−1. 
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As shown in Section 4, when particle retention is neglected, nanoparticles improve the sweep efficiency 
of the porous medium by increasing foam apparent viscosity. This results in a lower steady-state water 
saturation and a higher pressure drop. However, when nanoparticle retention is considered, two effects 
occur: (i) the loss of suspended nanoparticles reduces their impact on 𝜇𝜇𝑎𝑎𝑎𝑎𝑎𝑎 , and (ii) the retained 
nanoparticles reduce the relative permeabilities. Mathematically, both effects lead to an increase in water 
saturation, which generally decreases the pressure drop compared to a model that neglects retention. 
Nevertheless, the reduction in permeability directly increases the pressure drop (see Eq. 37). As a result, 

  
a) Water saturation. b) Foam apparent viscosity. 

 

 

c) Pressure drop.  
Figure 11: Comparison between steady-state solution of the population balance (PB) and local 
equilibrium (LE) models for 𝐶𝐶𝐼𝐼 = 1.0 wt%. The results consider two foam velocities. Retention was 
neglected in the PB model (𝜆𝜆 = 0) and  𝐾𝐾𝑔𝑔 = 0.02 s−1. 

  
Figure 12: Steady-state pressure drop profiles for nanoparticle-stabilized foam flow in the absence 
of NaCl (NF1, NF3, and NF5). The left panel compares the model without particle retention (𝜆𝜆 = 0) 
with the model with retention but no permeability reduction (𝜃𝜃𝑤𝑤 = 0). The right panel compares the 
model without particle retention with the complete model. 
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whether the pressure drop increases or decreases when considering particle retention depends on which 
of these opposing effects is more dominant. 

To better understand the effects of particle retention on the pressure drop profiles, we study separately: 

1. The impact of suspended nanoparticles loss, by comparing a model without retention (i.e., 𝜆𝜆 =
0) with a model with retention but no permeability reduction, (i.e., 𝜃𝜃𝑤𝑤 = 𝜃𝜃𝑓𝑓 = 0). 

2. The impact of suspended nanoparticles loss and permeability reduction, by comparing a model 
without retention with the complete model. 

Figure 12 presents the pressure drop profiles for the nanofluids without NaCl (NF1, NF3, and NF5). In 
the left panel of Figure 12, when only the loss of suspended nanoparticles is considered (solid lines), the 
pressure drop is lower compared to the case without retention (dashed lines). In the right panel of Figure 
12, when permeability reduction is also taken into account (solid lines), the pressure drop is higher 
compared to the case without retention (dashed lines), particularly for NF5 (highest nanoparticle 
concentration). For the nanofluids with salt (NF2, NF4, and NF6), the results are similar, as shown in 
Figure 13. In this scenario, however, the loss of suspended nanoparticles due to retention is greater. 
Consequently, even when only this loss is considered, without accounting for permeability reduction, a 
significant difference in pressure drop for NF4 and NF6 is observed compared to the case without 
retention; see the left panel of Figure 13.  

Let us quantify the difference in the pressure drop when retention is considered, compared to the case 
𝜆𝜆 = 0. By substituting 𝜎𝜎 = 𝛤𝛤𝛤𝛤 from Equation 32 into Equation 37, and after some calculations, the 
difference between the total pressure drop considering particle retention (𝛥𝛥𝛥𝛥) and the total pressure 
drop neglecting particle retention (𝛥𝛥𝑃𝑃𝜆𝜆=0) can be written as (Eq. 40): 

𝛥𝛥𝛥𝛥 − 𝛥𝛥𝑃𝑃𝜆𝜆=0 =
𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0
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𝐿𝐿

0
 𝑑𝑑𝑑𝑑�. (40) 

Analogously, the pressure drop considering retention but with no permeability reduction �𝛥𝛥𝑃𝑃𝜃𝜃𝑤𝑤=0� is 
given by (Eq. 41): 

𝛥𝛥𝑃𝑃𝜃𝜃𝑤𝑤=0 − 𝛥𝛥𝑃𝑃𝜆𝜆=0 =
𝑢𝑢𝑤𝑤𝜇𝜇𝑤𝑤
𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟0

� �
1
𝑆𝑆𝛽𝛽

−
1

𝑆𝑆𝜆𝜆=0
𝛽𝛽 �

𝐿𝐿

0
 𝑑𝑑𝑑𝑑. (41) 

Figure 14 presents the total pressure drop for each nanofluid in the three cases. The numbers on top of 
each bar indicate the relative difference in pressure drop compared to the no-retention model. 

  
Figure 13: Steady-state pressure drop profiles for nanoparticle-stabilized foam flow in the presence 
of NaCl (NF2, NF4, and NF6). The left panel compares the model without particle retention (𝜆𝜆 = 0) 
with the model with retention but no permeability reduction (𝜃𝜃𝑤𝑤 = 0). The right panel compares the 
model without particle retention with the complete model. 
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Since the presence of NaCl is associated with higher ionic strength and, consequently, greater retention, 
we expect that neglecting particle retention will have a more pronounced effect in this case. Indeed, 
when there is no permeability reduction, the variation in pressure drop 𝛥𝛥𝑃𝑃𝜃𝜃𝑤𝑤=0 relative to 𝛥𝛥𝑃𝑃𝜆𝜆=0 is smaller 
for NF1 compared to NF2, for NF3 compared to NF4, and for NF5 compared to NF6. All these differences 
are negative, indicating the dominance of nanoparticle loss decreasing the pressure drop. When 
permeability reduction is considered, neglecting particle retention also has a more pronounced effect 
for the case with NaCl. Nevertheless, the variation in pressure drop 𝛥𝛥𝛥𝛥  relative to 𝛥𝛥𝑃𝑃𝜆𝜆=0  is positive, 
indicating the dominance of permeability reduction increasing the pressure drop. 

Based on our findings, models that neglect nanoparticle retention and those that account for retention, 
but neglect permeability reduction underestimate the pressure drop. It is worth noting that, if we 
consider the complete model to be closer to reality, the model that considers only nanoparticle loss 
results in pressure drop values further from the actual behavior than the model that entirely neglects the 
retention phenomenon. The differences between these pressure drop estimates increase with the ionic 
strength and the nanoparticle concentration. Nevertheless, due to the lack of experimental data for 
higher concentrations, we employed the same retention parameters for NF5 and NF6 as those used for 
NF3 and NF4, respectively. Thus, further investigation is necessary to validate our results. 

It is important to note that while higher pressure gradients can lead to increased water production, 
excessively high values may result in injectivity loss. Determining the optimal nanoparticle concentration 
that effectively stabilizes foam without causing detrimental retention during displacement is a key 
challenge for nanoparticle-stabilized foam, but advancing research in this field will rely on new 
experimental data. Conducting core-flooding experiments with foam flow poses significant challenges. 
Tracking the foam front as it moves through the medium requires advanced techniques like computed 
tomography or multiple high-precision pressure sensors, which makes these experiments both time-
consuming and expensive. Analytical solutions can help predict flow behavior and optimize experimental 
design by providing estimates of maximum pressure drop and breakthrough time. This allows 
experiments to be planned with adequate pressure gauges and conducted for enough time to observe 
the expected flow behavior. 

7. Conclusions 
This study examined two-phase foam flow (water and gas) with suspended nanoparticles in the aqueous 
phase, incorporating the effects of particle retention and the resulting permeability reduction. 

  
Figure 14: Total pressure drop at steady-state for nanoparticle-stabilized foam flow with (left panel) 
and without (right panel) NaCl. We study the pressure drop: neglecting particle retention (∆P𝜆𝜆=0), 
considering retention but with no permeability reduction �∆PΘ𝑤𝑤=0�, and considering both particle 
retention and permeability reduction (ΔP). The numbers on top of each bar indicate the pressure drop 
variation in relation to ∆P𝜆𝜆=0. 
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1. A semi-analytical solution was developed for nanoparticle-stabilized foam flow under steady-state 
conditions. In the absence of nanoparticles, the solution becomes analytic and is significantly 
simpler. 

2. This solution allowed for the analysis of water saturation, foam apparent viscosity, and pressure drop 
profiles. Results were obtained for nanoparticle concentrations of 0.1, 0.5, and 1.0 wt%, both with 
and without NaCl, using retention parameters based on experimental data. 

3. When comparing different nanoparticle concentrations, higher values lead to increased foam 
apparent viscosity, reducing steady-state water saturation and increasing pressure drop, thereby 
improving the sweep efficiency. 

4. Comparing foam flows with and without nanoparticles, taking retention into account, resulted in 
enhanced sweep efficiency only for higher nanoparticle concentrations (0.5 and 1.0 wt%). For 0.1 
wt% the difference is insignificant.  

5. The semi-analytical steady-state solution showed excellent agreement when compared to a dynamic 
solution for foam flow with nanoparticles (neglecting particle retention). 

6. When nanoparticle retention is considered, the loss of suspended nanoparticles diminishes their 
positive effect on foam’s apparent viscosity, while the retained nanoparticles reduce permeability. 
These combined effects increase water saturation, generally leading to a lower pressure drop 
compared to models that ignore retention. Nevertheless, the reduction in permeability directly 
increases the pressure drop, so whether the pressure drop increases or decreases depends on which 
of these opposing effects is more dominant. 

7. Based on our findings, models that neglect nanoparticle retention and those that ac- count for 
retention but neglect permeability reduction underestimate the pressure drop. The differences 
between these pressure drop estimates increase in scenarios with significant retention (e.g., in the 
presence of NaCl and high nanoparticle concentration). 
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